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Simplest Eisenstein series

E(z,s8) = > Im(fyz)%

ve( 3 Z)\SL2(2)
1 s+1

_ 3 y 2
C(s+1) (m.n)2(0.0) Imz + n|st1

Residue at s =1 is

y X density of lattice Z+4+ Zz in C=1

A parable: we have [gr,(7)\1n E(z,s) dz = 0 for
—1 < Re(s) < 1. "Hence”

resc—1E(z,s) dz = 0.

/SL2 iy FESs=1E (2 9)

To overcome this " contradiction” define
0r(2) = > fmvz)  feC(Ry)

v€(§ % )\sL2(2)

(finite sum, rapidly decreasing function). Let
f(s) = Jr, f(x)x™* d*z - Mellin transform

Mellin inversion: f(y) = /Re( ) f(s)y® ds
s)=s(



Qf(z) — Z /Re(S)st F(8)Im(vz)°®

(3 %) \s122)

= f(sYE(z.25s —1) d
Re@g:$0>>ojxs) (2,26 = 1) ds

— F(1)res,—1E(z, s) +/R F(s)E(z,25 — 1) ds

e(s)=1
O Aé(é %)\Hf(lmz) dz
= [T 1w =F). oTon
Joraoy 6@ A= =T [ resi1B(z,s) d
+ Re(s)=1 f(s) SL(Z)\H E(z,2s—1) dz ds

We get fSLQ(Z)\H E(z,s) dz =0 for |Re(s) < 1|
and

/ res _1FE(z,s)dz=1
SLQ(Z)\H 5=2

OTOH, the constant term of ress_lE(z,s) is
2

ress—1¢(s)/¢(2) so we obtain vol(SLy(Z)\H) =
¢(2).



In general, if G is semi-simple and split over F,
B =TU Borel, aj = X*(T)®R, ag = Xx(T) IR,

Ho(tuk) = Ho(t) ePHoM) = |y (1) = [TIx(to)o

Define Eisenstein series and pseudo Eisenstein
series by

E(g,\) = 3 oA p.Ho(g))
B(FO\G(F)
0(9) = 3 J(Ho(o)) = [ FOB(s, ) dx

B\G
for f € C*(ag), Ao >> 0 and

FO) = / O F(X)e A X) gx

/G(F)\G(A) 04(9) = /B(F)\G(A) f(Ho(g)) dg

pu— H _
/K /U(F)\U(A) /T(F)\T(A) f(Ho(tuk)) dt du dk

VOI(T(F\T(A)Y) [ e 20X f(X) dX = vol(T) f(p)
ao

_ = vol(T
— /G(F)\G(A) reon=pPla, ) dg = volth)



On the other hand since res,_\FE(g,\) is con-
stant, it is given by its constant term.

res,—rE(g,A) = lim ] (<)\,ozv>— Dm(\)
>\_>pOé€AO
By a well-known computation

m . CF(<)‘70‘\/>)
W= 0 Goan+D

= res,—\E(g,A) = [] ¢-1 [] ¢p(@)™

acAg 1>1
where n; =#{a € P4 : <>\,av> =i}

—#H{ac Py <)\,ozv> =¢—1}

and ¢_1 = resg=1(p(s) = vol(F*\I}%). For ex-
ample, for SL(n), n; =1, i=2,...,n. Also

VOI(T(F)\T(A)Y) = ¢k

so finally we get

Vol(G(F)\G(A)) = [] ¢p(®)™| (Langlands)
i>1




Degenerate Eisenstein series on GL(n), Sp(n)
Let GL, acts on V from the right. For a
Schwartz-Bruhat function ® on V(Ap)

£g:9) = |

: S d(utg)|t™ET/2 ¥

\F ,ev_{0}
This is the Eisenstein series induced from the

mirabolic subgroup. Analytic continuation (and
properties) are obtained by Tate's thesis. Set

O¢p(9) = ) P(vg) ©O%(g9) =Oe(g) — P(0)
veV

Poisson summation: ©4(g) = |detg|_1@$(g*)

where ®(z) = [ ®@)vo(l,9]) dy.

Eolg )= [ Opnli"CFD) a't

o0
— OF (txq) d¥z "5t g%
/1 /F*\I[ll; cb( rg) d'x
o0 @ d n(l S) d
5 (txg™) d*x t"V 7% d*t
+ /1 /F*\H}? £ (twg®) d'a

—(-1-®(0)/(n(s + 1)) + (-1 P(0)/(n(s — 1))
— 8@(9*7 _S)



The restriction of £(g,s) to H = Sp(2n) gives
the Eisenstein series of H, since vgH = V—{0}.
Pseudo-Eisenstein series: for f € C°(R4)

boo()= [ 3 OWtgf@) dt=

Py oy

= F h,s) d
Re(s):30>>0f(8)g¢( ,8) ds

Cuspidal Eisenstein series in co-rank 1

G reductive, P = MU maximal parabolic, «
- simple root for Z(M) on U, oY - the co-
root, w = ﬁ fundamental weight, ¢ a cusp-
idal automorphic form on Ay, M(F)U(A)\G(A),
Ay = {aV(¢) : t € Ry}. Eisenstein series

Y o(~vg)els@trp.Ho(r9))
P(F)\G(F)

intertwining operator (w.r.t w-longest Wey!l el-
ement)

M()e(9) = | plwug)els=tortioCona) gy



Basic properties:

e absolutely convergent for Re(s) > pp

e meromorphic continuation and functional equa-
tions E(g,0,8) = E(g, M(s)p, —s)

M(—s)M(s) =1 M(s)* = M(3)

e E(g,p,s), M(s) are holomorphic for Re(s) =
0.

o By = @els@wtrr.Ho(9)) 4 N (s)pel—s@+rp,Holg))
if wMw—1=M

e The singularities of E(g,¢,s) and M(s)y are
the same. There are finitely many of them for
Re(s) > 0. They are real and simple, and can
occur only if wMw™1 = M and wr ~ «. If
so is a pole and E_1(g,¢) = ress=s,E(g,¥,s),
M_1¢p = ress=s,M(s,p) then E_; is square-
integrable and

(E_lgp, E_lgo)G(F)\G(A)l — (M_1g0, SO)M(F)\M(A)lxK

e If G is quasi-split and =« is generic, poles only

(possibly) for s =34 or s = 1.



Basic questions: what are the properties on =«
for poles to exist. What can we said about
residual representations?

First possible answer - poles of L-functions.
Another possibility - non-vanishing of periods.
These answers may be related by an integral
presentation of the L-function. The “inner
period” may reflect an "outer period’ of the
residue representation. The inducing represen-
tation and the residual representation are re-
lated by functoriality, and hence, possibly by a
trace identity.

Example G = GLy,, P = MU parabolic of
type (n,n),
E(g,,8) = 3 o(yg)ets@TrrHol9))
~veP\G

Eisenstein series on G(A) induced from a cus-
pidal section ¢ on A M(F)U(A)\G(A) where



tl 0
Ay = {( " t_1]n> S R_l_}. Let E_1(-, )
be the residue of E(-,p,s) at s = 1.

Jacquet-Rallis: E_1(h,p) dh

/H(F)\H(A)
0

_ k) dg dk
KSPQn/GLn(F)\GLn(A)lgO((O gt ) ) s

This implies that £E_1 # 0 for m ® .

Proof Introduce pseudo-Eisenstein series

0(9) = > F(vg)

~veP\G

Re(s)=s0>>0 (s)(9)E(s, 0, 9) ds

This is rapidly decreasing where F'(-) - cuspidal
function on M(F)U(A)\G(A) s.t. Vg € G(A),
F(-g) is compactly supported in Ayy.

Fs)(g) = [, Fltg)elorts=Ho®) q
M



O(h) dh = F(nh) dh
/H(F)\H(A) (h) ) ep%; /H/HH\H(A) ()

P\G/H < {0 <r <n, r even}
PgH — rank([-, ']|V09)

Vo = (0, .?.1.,0,%,_.'.%) (Stab(Vp) = P)
Contribution from 0 < r < n IS zero by cuspi-
dality. Contribution from r = n factors through

/spnm\Spn(A) p(h) dh =0

Contribution from r = 0is [p,\f(a) F(h) dh =

_ 0
keKs, — Opy(DTTF(t (g tg—1> k) dt dg dk

gEGLn(F)\GLn(A)
tEAM

O

— n g
K F(1 L
/ Spon /GLn(F)\GLn(A) ( )(<O tg_1> ) dt dg dk

since 2pp, = pp + w.

Miraculously there exists an alternative formula



for the same expression (Jacquet-L-Rallis)

sy B2
—_ g 0
- /KH /GLn(F)\GL(A)l M_1¢(<O g*) k)E(g,3) dg dk

_ g O
(= /KH /GLn(F)\GL(A)l Sp(<0 g*) k) dg dk)

Why are these two expressions equal?

On the one hand M_; = ress;;fr%g)@%). On

the other hand we have the Jacquet-Shalika
integral

g O B _ N
/GLn(F)\GLn(A)S0(<O g*>)g(9723 1) dg = L(s, Q)



Bessel distributions and weighted traces
Definition: Let (7,V) be an admissible repre-
sentation, (7Y, V) its admissible dual. For any
forms [ on V and I' on V'V define

Bl (f) =1 [Lom(f)]
for f € C°(G). This is the Bessel distribution
of m with respect to [, U'.
Similarly, if £ is a bilinear form on VV x V the
weighted trace is define by

T7(f) = L(=(f))
for f € C°(Q) where n(f) €e End(V) ~VV®V.
(If £ is standard pairing this gives the usual
trace.) The relation is

B (f) = Tl ()
BrE™ (f1 ® f2) = TE(fYf1)

where fJ (g) = fo(g™1).
If 7 is unitary, V ~ VY. For forms l{, lo on V

we have

= Y Li(m(f)e)ia(p) {¢} - O.N. basis
{v}

11 o —



Back to our case, w - cuspidal representation of
GLn(A), N residual representation on GL»,,(A)

1 1
- quotient of Ind(x|det:|2 ® w|det-|72). Set

) = [y P @0 € VR 6.9 € Vi
B ) = [ oy F@IF @EGE"3) da

Theorem (Jacquet-L-Rallis)
7, () =T

M _
B} () =
where f/(¢") =

(f)

!

xg' O
[iperc,, 1det@ e ( 0 x) uk):

ucU(A)
x€GLp(A)

(basically Harish-Chandra map) and WY is Fourier

coefficient w.r.t w((o n2>) = Y/ (n1)Y'(no)
where /'((z; ;)) = 0(z12+ -+ Tp_1)



The theorem gives spectral identities between
the spectral sides of two pairs of trace for-
mulas. However, the result is proved without
appealing to the trace formula!l. (The geomet-
ric side of the second trace formula had in fact
been worked out by Jacquet-Rallis).

The second spectral identity is a formal con-
sequences of the following

. E_1(h, o) dh = /gp(mk) dm, dk
/H(F)\H(A)
o (E_1p0,E_1p) = (M_10,9)
!/
e W/(E_10) = WY (M_1¢)
For the first spectral identity we need the other

formula for [gpy\m(a) E—1(h, ) dh in terms of
M_qp.

Essential for the above to work is an explicit
construction of the functoriality (as well as an



expression for the L2-norm of this construc-
tion). There are other cases where the func-
toriality is given explicitly (more complicated
residual Eisenstein series, theta-correspondence,
descent construction,...) The hope is to use
the same method to prove other trace identi-
ties.

Proof of second formula for [ gy ga) E-1(h, ¢)
Use pseudo-Eisenstein series. More precisely,

Ji sy 10 #2000 5 () dh = F(1)

H H H

This implies the result and also that

E_1(h,¢0)ls(h,s) dh =0 |Re < 1.
fi sy 100 D) (hss) Re(s)|
Recall that for ¢ cuspidal on GL, we have
(Piatetski-Shapiro)

w(g) = > WY (vg)
YEZn(F)Uo(F)\Pp—1,1(F)



For E_1 we have (Moeglin-Waldspurger)

E_1(g) = > M_1¢(vg)
YEP n—1,1\P2n—1,1

E_1(h, o) /]I ®(oth) f(Dd"t dh =

77€P(n,n—1,1)\P(2n—1,1)/Q
/]1 & (voth) f(£)d*t dh
F

Pipn—1,1)\P2n-1,1) <
n-dim subspaces V5 of V containing vg

/QH\H(A)

M_ h
/QU\H(A) 1¢(nh)

The @Q-orbits are parameterized by r = rank([e, '”Vo)
and whether or not vg € rad([e, ]|y, ).

r = 0 (closed orbit) gives desired contribution;
r = n vanishes because symplectic period for
cusp form is O; intermediate orbits vanish by
cuspidality.



There are other cases where we have

/H(F)\H(A) E-1(h, ) dh

=/ / o(mk) dm dk

Ky JMyg\Mg(A)NM(A)?

for a period subgroup H, Mg = M NH.

Example: (Ginzburg-Rallis-Soudry) G = Sp(4n),
P - Siegel parabolic, M = GL(2n), H = Sp(2n) x
Sp(2n), My = GL(n) x GL(n).

/MH(F)\MH(A)HM(A)l ¢((917 92)>g(917 31)

detgq .,_1
| 272 dgy dgo = L(s1,m, A%)L(s0,T)
det go

(Bump-Friedberg) Mgy-period = 0 <= for

sp = 5 Hpoleatsl_l i.e. L(s,m A?%) has a

pole at s = 1 and L(2,7T) #= 0. This is exactly

the condition for a pole for the Eisenstein series
1

atS:§

We get a spectral identity

M —
Bl () =

/ .
brr..=Mr-period
EMijw,(f )| vy =Mp-p




where ( . |) =v'(vw), ¥ is a generic char-

O U
acter for GLQn In order to obtain a spec-

(=8, 3, ()] where

€y, @ 1S @ “co-period” functional we need a
formula

tral identity | B

EH ly

/H(F)\H(A) E-1(h,p) dh

:/ / M_10E(m,3) dm dk
Ky JMyg\Mg(A)NM(A)?

The main issue is to have a formula of E_q in
terms of M_4, analogous to Mceglin-Waldspurger.
We expand E_q along the center Y5,, of unipo-
tent radical of V5,, of the parabolic whose Levi
is GL(1) x Sp(4n —2). The constant term can
be further expanded over V,,. The zeroth
coefficient vanishes by cuspidality. The non-
zero coefficients are one orbit under the Levi.
We continue this way. When we get to the
non-degenerate Fourier coefficient in GL5,,, we
can use Piatetski-Shapiro’'s formula. However,
there are many accompanying terms.



More precisely, let N,’f be the inverse image in

Py.op_ Of the maximal unipotent of GLj un-

der the projection map to the Levi factor. Let

N = Ni_ Y5, k41 (adding the one-dimensional
center of a smaller Heisenberg unipotent rad-

ical). Define w,‘j(a:) = 9(:13172 + T2 3 + - 4+

Tp—1,k t aTpon—k). Let f=FE _1(,¢). Then

floy= > M 190(79)+ka(9) where
(QNP)\Q

fr(g) = > > W, Mok (g)

YEZ N SPay—2k\Q *EL™

We can show that the terms f,. do not con-
tribute to the H-period. The analysis of the
terms coming from M_q¢ is similar to before
and gives the required result. Problem - very
difficult convergence issues.
Ginzburg-Rallis-Soudry showed that f. =

for Kk > n and f, gives the descent from = to
Spn. This is analogous to Bernstein-Zelevinski's
construction of derivatives.



Goal: obtain a spectral identity for descent
construction. Mao-Rallis worked out a series
of trace formulas comparisons, leading even-
tually to descent. The above is the spectral
counterpart of the first in their series...

Jiang gave a setup for evaluating outer periods
of residual Eisenstein series in terms of inner
periods. In particular, he relates Go-periods
on SO(8) to triple products, and applies this
to Jacquet’s conjecture.

Residual Eisenstein series and positivity
A cuspidal representation « of GL,(A) is self-
dual if and only if L(s,m ® m) has a pole at

s=1.

L(s,m®m) = L(s,m, Sme)L(s, T, /\2)

Self-dual cuspidal representations are classified
to symplectic and orthogonal according to which
L-function has a pole.



This is similar to the classification of self-dual
representations of finite (or compact) groups
(and suggested by the Tannakian formalism of
Langlands).

In particular, if = is symplectic then n is even
and the central character is trivial.

Working with residual Eisenstein series on clas-
sical groups we get

Theorem (L.—Rallis) If 7 is symplectic then
L(3,7) > 0.

Theorem If 7 is symplectic and #’ is orthogo-
nal then L(%,w ®7n) > 0.

Remarks:

e [ his would be a trivial consequence of GRH.
L(%,w) appears in BSD, theta-correspondence,
Gross-Prasad and Jacquet’s conjectures. If s
motivic and the center of symmetry is a crit-
ical point in the sense of Deligne then = is
symplectic.



e For n = 2, w is symplectic if and only if wy =
1. In this case non-negativity follows from
an explicit formula. (Waldspurger, Zagier,
Katok—Sarnak — using Shimura correspon-
dence, Jacquet, Guo, Baruch-Mao — relative
trace formula, Sarnak - quantum chaos). It al-
ready has striking applications to upper bounds
of L(%,w) for m= quadratic Dirichlet character
(Conrey-Iwaniec), or Maass form (Ivic).

e For the standard L-function we can take the
partial L-function. For the tensor product it is
necessary to take the completed L-function as
defined by Jacquet—Piatetski-Shapiro—Shalika;
the local factors are not known to be positive
by lack of Ramanujan hypothesis. (We need
a bound of on the non tempered parameters.
Best known bound is 2 2_|_1 (Luo-Rudnick-
Sarnak).

e Using the tensor product functoriality from
GL> x GL> to GL4 (Ramakrishnan) we obtain



as a corollary that L(3,71 ® mp ® m3) > O if
m; are on PGL->. (Compatible with Harris—
Kudla, Bocherer—Schultze-Pillot, Watson)

e For the tensor product we use the functori-
ality SO(2n+1) < GL»,, proved by Ginzburg—
Rallis—Soudry, Cogdell-Kim—Piatetski-Shapiro-
Shahidi, Jiang—Soudry: There exists a (func-
torial) one-to-one correspondence between generic
cuspidal representations of SO(2n-+1) and fam-

ilies (r1,...,7) Of distinct cuspidal symplectic
representations of GLy, with > n; = 2n

Epsilon factors

Let Gop41 = Sp(2n), Gop, = SO(2n) (split).
Theorem Let 7w be a generic representation of
G, over a local field of characteristic O.

Then 6(%,7‘(‘) =7n(—1)|

If Il is a generic automorphic cuspidal repre-
sentation of Gn(A) then e(3,7) = 1.



Remarks

e Motivation: if p: W — SO(n,C) e(%,go) de-
tects whether ¢ lifts to Spin(n,C) (Deligne).
Under local Langlands reciprocity this condi-
tion translates to whether # comes from PSp(n—
1,F) (n odd) or PSO(n,F) (n odd).

Note: PSp(2n, F)#~=Sp(2n, F')/{£1}, but rather
PSp(2n,F) = PGSp(2n, I).

The global result is an analogue of Frolich-
Queryut (Galois groups), Saito (motives).

e For quasi-split special even orthogonal groups
of discriminant n we expect

(Gom ) = m(=1) - (5, %)

e Orthogonal cuspidal representations of GLj
(with trivial central character) descend to G,
(GRS). Once the expected properties of the



descent are established, it would follow that
(globally) e(3,7) =1. Forn=1

p—1 g '
Z €2mj/p (Z) — _|_\/(_1)(p—1)/2p, (Gauss)
j=1 b

e Hopefully, it will be possible to eliminate the
genericity (as well as split) assumption using
the “doubling method” of Rallis—Piatetski-
Shapiro.

e Using GRS-CKPSS-JS can prove: If &, «
are generic representations of SO(2n+1), SO(2m+
1) over a local field then e(%,w@w’) = 1. (spe-
cial cases - D. Prasad-Ramakrishnan)

e Granted the properties of the other lifts from
classical groups: if m, ' are generic represen-
tations of Gp, G (locally) then e(3, 7 @ ') =
m(=1)"x'(—=1)"™. Globally it is 1.



Proof n = 2 case. SO(2) ~ GL(1).

1

1 . 1 1 4
6(57X78td777b) - 6(27X7¢)6(27X 7¢)

= (G0 XD, x4 ) = x(-1)

F = C follows (every generic is principal se-
ries). p-adic case: Reduction to supercuspi-
dal case - routine. Let k£ be totally complex,
kvo = F', Il cuspidal generic, unramified outside
archimedean places and vg, lyy = 7.

GM=com I 5
v complex

Global result in this case implies local result.
theta correspondence from G to G, 41
Theorem [Mceglin, Ginzburg-Rallis-Soudry]
M - generic cuspidal representation of Gn(A).
Either 1 is the theta-lift of a cuspidal generic
representation of G,,_1(A) (iff L5(1,N) = o),
or the theta-lift M’ to G, 41 is cuspidal generic

irreducible, in which case, L>(s, ') = L(s, M)¢2(s)

has a pole at s = 1.



Can assume we are in the first case. Let E(g, ¢, s)
be the Eisenstein series from (GL(1)xGp, 1QM)
to G,,4o. It has a residue at s = 1.

(E_10, E_190)G,,, = (M_10,0) Mx K

Normalize the local intertwining operators (Shahidi)

LU(S, I_IfU)

ev(s, My, Yy)Ly(s 4+ 1, My)

-1 = er(eff;;EE;: I;)) ® Ry(My, s,9%v)
M_q is positive definite + L(s, M) has no zeros
or poles for Re(s) > 1 =—— R(IN,1) is semi-
definite of the same sign as e(%, ).

Show that Ry(My, 1,1) is positive Vo.
Unramified places - obvious.

Complex places - multiplicativity.

For vg, I(m,s) is irreducible for 0 < s < 1.
R(m,s,v) is a family of continuous Hermitian
operators, non-degenerate for 0 < s < 1. Also,
R(m,0,%) has a non-trivial +1-eigenspace (the
W-generic part of I(m,0)) (Keys-Shahidi).

M(HU,S) — Rv(ﬂvasawv)




Remark: For any irreducible representation =«
of GL,, over a local field

1
(5mT@T) = wr(=1)"

(Bushnell-Henniart).

In the square-integrable case, here’'s an argu-
ment of Jacquet using the Jacquet—Piatetski-
Shapiro—Shalika zeta integral W (s, W, W' @)
for the Rankin-Selberg L-function

/Nn\GLn W (g)W'(g)®((0,...,0,1)g)|det g|® dg

which converges for Re(s) > 0. Here W, W/’
are elements in the Whittaker spaces of m and
7 respectively, and ® is a Schwartz function
on F™. The local functional equation is

1~ = _
w(§7W7W7¢)
1 1
= (5,7 O, ¢)ww(—1)”—1w(5, W, W, ®)

For an appropriate &, the zeta-integrals on ei-
ther side are positivel



