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1. Introduction

In this paper we give a geometric version of the Satake isomorphism. Given a con-
nected complex reductive algebraic group G, we show that the category of represen-
tations of G, the Langlands dual of G, is naturally equivalent to a certain category of
perverse sheaves on the complex affine Grassmannian of G. The crucial point is that
we prove this equivalence over commutative rings, instead of just C.

We now give a more precise version of our result. Let G be a reductive algebraic
group over the complex numbers. We write G for the group scheme G(C[[z]]) and
Gr for the affine Grassmannian of G(C((2)))/G(C][[#]]); the affine Gramannian is an
ind-scheme, i.e., a direct limit of schemes. Let k be a Noetherian, commutative unital
ring of finite global dimension. One can imagine k to be C, Z, or Fq, for example.
Let us write Pg, (Gr, k) for the category of Go-equivariant perverse sheaves with k-
coefficients. Furthermore, let Repg, stand for the category k-representations of Gy;
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2 I. MIRKOVIC AND K. VILONEN

here Gy denotes the canonical smooth split reductive group scheme over k whose root
datum is dual to that of G. The goal of this paper is to prove the following:

(1.1) the categories Pg, (Gr,k) and Repg, are equivalent as tensor categories .

We do slightly more than this. We give a canonical construction of the of the group
scheme Gy in terms of Pa, (9r,k). In particular, we give a canonical construction of
the Chevalley group scheme G7. This is one way to view our theorem. We can also
view it as giving a geometric interpretation of representation theory of algebraic groups
over commutative rings. Although our results yield an interpretation of representation
theory over arbitrary commutative rings, note that on the geometric side we work over
the complex numbers and use the classical topology. The advantage of the classical
topology is that one can work with sheaves with coefficients in arbitrary commutative
rings, in particular, we can use integer coefficients. Finally, our work can be viewed
as providing the unramified local geometric Langlands correspondence. In this context
it crucial that one works on the geometric side also over fields other than C. The
modifications needed to do so are explained in section 14. This can then be used to
give a definition of the notion of an automorphic sheaf to be a Hecke eigensheaf. Note
that arbitrary systems of coefficients are allowed here.

We describe the contents of the paper briefly. Section 2 is devoted to the basic
definitions involving the affine Grassmannian and the notion of perverse sheaves that
we adopt. In section 3 we introduce our main tool, the weight functors. In this section
we also give our crucial dimension estimates, use them to prove the exactness of the
weight functors, and, finally, we decompose the global cohomology functor into a direct
sum of the weight functors. The next section 4 is devoted to putting a tensor structure
on the category Pg, (9r,k); here, again, we make use of the dimension estimates of
the previous section. In section 5 we give, using the Beilinson-Drinfeld Grassmannian,
a commutativity constraint on the tensor structure. In section 6 we show that global
cohomology is a tensor functor and we also show that it is tensor functor in the weighted
sense. Section 7 is devoted to the simpler case when k is a field of characteristic zero.
The next section 8 treats standard sheaves and we show that their cohomology is
given by specific algebraic cycles providing their cohomology with a canonical basis.
In the next section 9 we prove that the weight functors introduced in section 3 are
representable. This, then, will provide us with a supply of projective objects. In section
10 we study the structure of these projectives and prove that they have filtrations whose
associated graded consists of standard sheaves. In section 11 we show that Pg, (9r, k)
is equivalent, as a tensor category, to Repé]k for some group scheme Gk. Then, in the

next section 12, we identify Gy with Gy. A crucial ingredient in this section is the work
of Prasad and Yu [PY]. We then briefly discuss in section 13 our results from the point
of view of representation theory. In the final section 14 we briefly indicate how our
arguments have to be modified to work in the etale topology.

Most of the results in this paper appeared in the announcement [MiV2]. These
questions were previously treated in [Gi] in the case k = C. Since our announcement,
the paper [Na| has appeared. Certain technical points that are necessary for us are
treated in [Na]. Instead of repeating the discussion here, we have chosen to refer to
[Na] instead.
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We thank the MPI in Bonn, where some of this research was carried out. Further-
more, we thank Prasad and Yu for answering our questions in the form of the paper
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2. Perverse sheaves on the affine Grassmannian

We begin this section by recalling the construction and the basic properties of the
affine Grassmannian Gr. For proofs of these facts we refer to §4.5 of [BD]. See also,
[BL1] and [BL2]. Then we introduce the main object of study, the category P, (9r,k)
of equivariant perverse sheaves on Gr.

Let G be a complex, connected, reductive algebraic group. We write O for the formal
power series ring C[[z]] and X for its fraction field C((2)). Let G(X) and G(O) denote,
as usual, the sets of the K-valued and the O-valued points of G, respectively. The
affine Grassmannian is defined as the quotient G(X)/G(0O). The sets G(X) and G(0O),
and the quotient G(X)/G(0O) have an algebraic structure over the complex numbers.
The space G(O) has a structure of a group scheme, denoted by G, over C and the
spaces G(X) and G(X)/G(O) have structures of ind-schemes which we denote by Gy
and Gr, respectively. For us an ind-scheme means a direct limit of family of schemes
where all the maps are closed embeddings. The morphism 7 : Gy — Sr is locally
trivial in the Zariski topology, i.e., there exists a Zariski open subset U C Gr such that
7 Y U) 2 U x Gy and 7 restricted to U x G is simply projection to the first factor.
For details see for example [BL1, LS]. We write SGr as a limit

(2.1) Sr = lim Sy,

where the Gr,, are finite dimensional schemes which are G g-invariant. The group Go
acts on the Sr,, via a finite dimensional quotient.

In this paper, with the exception of section 14, we consider sheaves in the classical
topology. As we work with topological sheaves, it suffices for us to consider the spaces
G, Gy, and Gr as varieties, i.e., as reduced schemes. We will do so for the rest of the
paper.

If G = T is torus of rank r then, as a reduced ind-scheme, Gr = X, (T') = Hom(C*, T,
i.e., in this case the loop Grassmannian is discrete. Note that, because T is abelian,
the loop Grassmannian is an group ind-scheme. Let G be a reductive group, write
Z(G) for the center of G and let T = Z(G)° denote connected component of the
center. Let us further set G = GT. Then, as is easy to see, the map Gr — Grs is a
trivial covering with covering group X, (T') = Hom(C*,T), i.e., 9r = Gra x X, (T), non-
canonically. Note also that the connected components of Gr are exactly parameterized
by the component group of Gy, i.e., by G /(Gg)°. This latter group is isomorphic to
m1(G), the topological fundamental group of G.

The group scheme G acts on Gr with finite dimensional orbits. In order to describe
the orbit structure, let us fix a maximal torus 7' C G. We write W for the Weyl group
and X, (T) for the coweights Hom(C*,T"). Then the G-orbits on 9r are parameterized
by the W-orbits in X.(7), and given A € X,.(T) the Go-orbit associated to it is
Gr* = Gy - Ly C Gr, where Ly denotes the image of the point A € X,(T) in Gr. Note
that the points L) are precisely the T-fixed points in the Grassmannian. To describe
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the closure relation between the Gg-orbits, we choose a Borel B D T, i.e., we make a
choice of positive roots. Then, for dominant A\ and p we have

(2.2) Gr* ¢ GrA  ifand only if A —p is a sum of positive coroots.

In a few arguments in this paper it will be important for us to consider a Kac-
Moody group associated to the loop group Gg. Let us write ® = ®(G,T) for the the
root system of G with respect to T, and we write similarly ® = ®(G,T) for the coroots.
Let I 2 C* denote the subgroup of automorphisms of K which acts by multiplying the
parameter ¢, as follows: s-f(z) = f(s7'z),s € C* 2 T. The group I acts on G and G
and hence we can form the the semi-direct product G = Gx xI'. A Kac-Moody group
is a central extension, by the multiplicative group, of Gy. We fix a Borel subgroup B
with unipotent radical N and a Cartan subgroup T C B=TN C G. Then T =T x T
is a Cartan subgroup of Gg. Let us write § € X*(T') for cocharacter which is trivial
on T and identity on the factor I' 2 C* and let § € X,(T') stand for the composition
C*~T cT xT =T. We also view the roots ® as characters on T, which are trivial
onT. The T -eigenspaces in gy are given by

de
(2.3) (950 k610 K ga, k€ 2, € U0},

and thus the roots of Gy are given by ® = {a+kd € X*(T) | a € ®U{0}, k € Z} —{0}.

Furthermore, the orbit G - Ly is isomorphic to the flag manifold G/P), where P is
the parabolic associated to the roots {a € ® | A(a) = 0}. The orbit Gr* can be viewed
as a G-equivariant vector bundle over G/Py. One way to see this is to observe that the
varieties G - Ly are the fixed point sets of the G,,-action via the cocharacter 5. In this
language,

(2.4) Gt = {zeSr| lin%g(s):z: €G- Ly}

In particular, the orbits Gr* are simply connected. If we choose a Borel B containing
T and if we choose the parameter A\ € X,(T) of the orbit Gr* to be dominant, then
dim(Gr*) = 2p()\), where we have written p(\) for the height of A with respect to p,
i.e.,, p(A) = A\(p), where p, as usual, is half the sum of positive roots (positive roots are
the ones in B). Let us consider the map evg : Go — G, evaluation at zero. We write
I = evg ~1(B) for the Iwahori subgroup and K = evg ~1(0) for the highest congruence
subgroup. The I-orbits are parameterized by X, (7'), and because the I-orbits are also
evg ~!(IN)-orbits, they are are affine spaces. This way each Gg-orbit acquires a cell
decomposition as a union of I-orbits. The K-orbit K - L) is the fiber of the vector
bundle Gr* — G/Py. Let us consider the sub ind group scheme G, of Gx whose
C-points consist of G(C[z™']). The G -orbits are also indexed by W-orbits in X, (T)
and the orbit attached to A € X,(T) is G - Lx. The G j-orbits are opposite to the
G o-orbits in the following sense:

(2.5) Gg-Ly = {z€5r| lim 0(s)z € G- Ly}.
The above description implies that

(2.6) (Gé-Lk)ﬂ@ = G- L)
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The group G contains a negative level congruence subgroup K_ which is the kernel
of the evaluation map G(C[z7!]) — G at infinity. Just as for G, the fiber of the
projection G, - Ly — G/Pyis K_ - L.

We will recall briefly the notion of perverse sheaves that we will use in this paper
[BBD]. Let X be a complex algebraic variety with a fixed (Whitney) stratification 8.
We also fix a commutative, unital ring k. For simplicity of exposition we assume that
k is Noetherian of finite global dimension. We denote by Dg(X,k) the bounded §-
constructible derived category of k-sheaves. This is the full subcategory of the derived
category of k-sheaves on X whose objects F satisfy the following two conditions:

i) H¥X,F)=0 for k| >0,
i) HP (F)|S  is a local system of finitely generated k-modules
forall S € 8.

As usual we define the full subcategory Pg(X,k) of perverse sheaves as follows. An
F € Dg(X, k) is perverse if the following two conditions are satisfied:

i) H*(i*F) =0 for k> —dimcS forany i:S<— X,S €S,
i) HEG'F) =0 for k <dimeS forany i:S— X,5¢€8.

As is explained in [BBD], perverse sheaves Pg(X, k) form an abelian category and there
is a cohomological functor

PHY : Dg(X,k) — Pg(X,k).

Given a stratum S € & and M a finitely generated k-module then Rj,M and jiM
belong in Dg(X, k). Following [BBD] we write Pj, M for PH’(Rj.M) € Pg(X,k) and
P4 M for PHO(jiM) € Pg(X,k). We use this type of notation systematically throughout
the paper. If Y C X is locally closed and is a union of strata in & then, by abuse of
notation, we denote by Pg(Y,k) the category Py(Y, k), where T = {S € 8 ’ SCY}.

Let us now assume that we have an action of a connected algebraic group K on X,
given by a : K x X — X. Fix a Whitney stratification 8§ of X such that the action of
K preserves the strata. Recall that an F € Pg(X, k) is said to be K-equivariant if there
exists an isomorphism ¢ : a*F = p*F such that qul} x X =id. Here p: K x X — X
is the projection to the second factor. If such an isomorphism ¢ exists it is unique. We
denote by Pg (X, k) the full subcategory of Pg(X,k) consisting of equivariant perverse
sheaves. In a few instances we also make use of the equivariant derived category
Dg (X, k), see [BL].

Let us now return to our situation. Denote the stratification induced by the Ggo-
orbits on the Grassmannian Gr by 8. The closed embeddings Sr,, C Gr,,, for n < m
induce embeddings of categories Pg, (Srpn, k) — Pg, (Srm, k). This allows us to define
the category of G y-equivariant perverse sheaves on Gr as

PGO (91‘, k) —def hi>n PGO (grna ]k) N

Similarly we define Pg(9r, k), the category of perverse sheaves on Gr which are con-
structible with respect to the Gg-orbits. In our setting we have

2.1. Proposition. The categories Ps(Sr, k) and Pg, (37, k) are naturally equivalent.
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We give a proof of this proposition in appendix A; the proof makes use of results of
section 3.

Let us write Aut(O) for the group of automorphisms of the formal disc Spec(OQ). The
group scheme Aut(O) acts on Gy, G, and Gr. This action and the action of G on
the affine Grassmannian extend to an action of the semidirect product G x Aut(O)
on Gr. In the appendix A we also prove

2.2. Proposition. The categories P waut(0) (97 k) and P, (7, k) are naturally equiv-
alent.

2.3. Remark. Ifk is field of characteristic zero then propositions 2.1 and 2.2 follow
immediately from lemma 7.1.

Finally, we fix some notation that will be used throughout the paper. Given a G-
orbit Gry, A € X, (T), and a k-module M we write Jj(\, M), J.(A\, M), and Ty (\, M)
for the perverse sheaves Pj;(M [dim(Gr)]), ji.(M[dim(Sr*)]), and ?j, (M [dim(Gr?)]), re-
spectively; here j : Gr* — Gr denotes the inclusion.

3. Semi-infinite orbits and weight functors

Recall that we have fixed a maximal torus T, a Borel B D T and denoted by N
the unipotent radical of B. Furthermore, we write Ny for the group ind-subscheme of
Gg whose C-points are N(XK). The Ngc-orbits on Gr are parameterized by X.(T'); to
each v € X, (T) = Hom(C*,T') we associate the Ngc-orbit S, =qef N - L,,. Note that
these orbits are neither of finite dimension nor of finite codimension. We view them
as ind-varieties, in particular, their intersection with any Gr?* is an algebraic variety.
The following proposition gives the basic properties of these orbits. Recall that for
w, A € X, (T) we say that < X if A — p is a sum of positive coroots.

3.1. Proposition. We have

(a) Sy, = Un<u Sy

(b) Inside S,,, the boundary of S, is given by a hyperplane section under an embedding
of Gr in projective space.

Proof. Because translation by elements in Ty is an automorphism of the Grassmannian,
it suffices to prove the claim on the identity component of the Grassmannian. Hence,
we may assume that G is simply connected. In that case GG is a product of simple
factors and we may then furthermore assume that G is simple and simply connected.
Let us index the vertices of the the Dynkin diagram by I. Then I can also be used to
index the simple roots and coroots. For a simple coroot ¢;, i € I, there is T-stable P!
passing through L, 4, such that the remaining A! lies in S, constructed as follows.
Let k = a;(v), then ¢ = a;+ké € X*(T'xT) is a root in gg with the root space z¥g,, .
Let us consider the SLg-subgroup S C Gy generated by one parameter subgroups Uy,
and U_, associated to the roots ¢ and —. Because the group U_, fixes L, and Uy
does not, we conclude that the orbit S - L, is a P!, and that Al = Uy-L, C S,. The
point at infinity is thus gotten by applying the element in S =2 S Ly which switches the
root spaces to L,. An easy calculation then yields L, _, as the point at infinity. Hence
Sy—a; € S, for any simple coroot ¢; and therefore Up<y Sy C S,.
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To prove the rest of the proposition we embed the ind-variety Gr in an ind-projective
space P(V') via an ample line bundle £ on Gr. For simplicity we choose L to be the
positive generator of the Picard group of Gr. The action of Gy on Gr only extends to
a projective action on the line bundle L. To get an action on L we must pass to the
Kac-Moody group Gy associated to Gy, [LS]. The highest weight Ay of the resulting
representation V = H°(Gr, L) is zero on T and one on the central G,,. Thus we get a
Ggc-equivariant embedding ¢ : Gr < P(V) which maps Ly to the highest weight line
VA,- In particular, the T-weight of the line ¢(Lg) = Vj, is zero.

We need a formula for the T-weight of the line ¢(L,) = v - ¢(Lg) = v - Vj,. Now,
v-Va, = Vip,y, where U is any lift of the element v € X, (T) to Ty, the restriction of
the central extension Gy of G by G, to T. Fort e T,

(3.1) (- No)(t) = Ao(D™tir) = Ao(v Mot 1),

since Ag(t) = 1. The commutator z,y — xyz~ 'y~ on Ty descends to a bilinear pairing

of Ty x Ty to the central G,,. The restriction of this pairing, X.(T) x T' — G,,, can
be viewed as a homomorphism ¢ : X, (T") — X*(T'), or, equivalently, as a bilinear form
(', )« on X,(T). Since Ay is identity on the central G,, and since 7~ tit=1 € G, we
see that

(3.2) 7-Ao(t) = o Ut = (w)(t)7,

ie., v-Ag=—w onT. We will now describe the morphism ¢.

The description of the central extension of g, corresponding to Gx, makes use of
an invariant bilinear form ( , ) on g, see, for example, [PS]. From the basic formula
for the coadjoint action of G (see, for example, [PS]), it is clear that the form ( , ),
above is the restriction of (, ) to t = C® X,(T). The form ( , ) is characterized by the
property that the corresponding bilinear form ( , )* on t* satisfies (0,0)* = 2 for the

longest root . Now, for a root a € ® we find that

2 0,0)
(3.3) L = a = (6.6) ae{l,2,3}
(o, @) (v, )"
We conclude that (Z®) N Z, &, = 1(Z, D), i.e.,
(3.4) v <mn isequivalent to (v <un for v,m € X,(T).

Let us write V5 _,, for the sum of all the T-weight spaces of V whose T-weight is
bigger than —:v and V~_,, for the sum of all the T-weight spaces of V whose T-weight
is bigger than or equal to —tv. Clearly the central extension of Ny acts by increasing
the T weights, i.e., its action preserves the subspaces V~_,, and V>_,,. This, together
with (3.4), implies that Uy<, S, = ¢~ *(V>_,,). In particular, U,<, S, is closed. This,
with Uy<, S, C S,, implies that S, = U,<, S, proving part (a) of the proposition.

To prove part (b), we first observe that U<, S, = ¢~ 1(Va_,,). The line ¢(L,) C
V>_,, — V5_,. Let us choose a linear form f on V' which is non-zero on the line ¢(L,)
and which vanishes on all T-eigenspaces whose eigenvalue is different from —.v. Let us
write H for the hyperplane {f = 0}CV. By construction, for v € ¢(L,), and n in the
central extension of Nqc, nv € C*-v+ Vs_,,. Sov # 0 implies f(nv) # 0, and we see
that S, N H = (). Since U, S, C H, we conclude that S,NH = Up<vSy, as required.
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g

_ Let us also consider the unipotent radical N of the Borel B opposite to B. The
Nyc-orbits on Gr are again parameterized by X.(T): to each v € X.(T') we associate
the orbit T, = Ny - L,,. The orbits S, and 7}, intersect the orbits Gr* as follows:

3.2. Theorem. We have
a) The intersection S, N 97/\ s non-empty precisely when L, € 977“)‘ and then

it is of pure dimension p(v+ \), if X is chosen dominant.

b) The intersection T, N 97/\ 1s non-empty precisely when L, € 977"‘ and then

it is of pure dimension — p(v+ \), if A is chosen anti-dominant.

3.3. Remark. Note that, by (2.2), L, € S if and only if v is a weight of the the
irreducible representation of G of highest weight \; here G is the complexr Langlands
dual group of G, i.e., the complex reductive group whose root datum is dual to that of

G.

Proof. Tt suffices to prove the statement a). Let the coweight 2p : G,, — T be the
sum of positive coroots. When we act by conjugation by this coweight on Ny, we see
that for any element n € Ny, lims_,o2p(s)n = 1. Therefore any point = € S, satisfies
lims_,02p(s)xr = L,. As the L, are the fixed points of the G,,-action via 25, we see
that

(3.5) S, = {x€5r| liH(l) 2p(s)r =Ly} .

Hence, if € S, N Gr* then, because Gr* is T-invariant, we see that L, € Q;Thus,
S, N Gr* is non-empty precisely when L, € Gr*. Let now v be such that L, € Gr*. We
begin with two extreme cases:

I-L, ifvisdominant

3.6 S,NG" = No-L, =
(3:6) I © {{LV} if v is anti-dominant

We see this as follows. We first observe that Noc = Ng - (NgN K_). Then we can write
(3.7) S,NGrY = No(NxNK_)-L, N g1 = No- ((NxNK_)vNGr”) .

But now (NgcNK_)-L, C K_-L, and by (2.6) we know that G 4 -L,NGr* =G-L, and
because K_ - L, is the fiber of the projection G- L, — G- L, we get K_ - vNSrA = L,.
Thus we have proved the first equality in (3.6). If v is antidominant, then N stabilizes
L,. If v is dominant, then N, stabilizes L, and then /- L, = Bo-Ngy - L, = By L, =
Ng - L.

From (3.6) we conclude that the theorem holds in the extreme cases when v = A
or ¥ = wg - A, where wy is the longest element in the Weyl group. We consider an
arbitrary v such that L, € Gr*, v > wg - . It suffices to prove the dimension estimate
for closures, i.e., that S, N Gr? is of pure dimension p(v + \).

Let us consider an irreducible component C' of S, N Gr*. We construct a path
A = 1y,V1,...,Vq = v, where v, — 1,41 = o, for a simple positive coroot «;,, and
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a sequence Cy of irreducible components of S, N Grr containing C' such that Cgyq is
of codimension at most one in Cj, as follows. Let d = p(\ —v) and let vy = v and
Cy= C. Since Siydl C K some irreducible component Cy_; of %ﬂ @ contains
C,. Proceeding in this way we get Cy = Gr*. Because of 3.1, S,, — S,, is given by a
hyperplane section Hy, on Sy, , so Ck1 is one of the irreducible components of Hy N C.
Therefore, the codimension of Cj41 in C} is at most one and we conclude:

(3.8) dimC > dim S — d= p(r+A).
Exactly by the same process as above we construct a path v = vy, v1, ..., vg = wg- A
where again vy — vp41 = oy, for a simple positive coroot «,, starting now with

Co = C and ending with Cy = Sy.2 NG = {Lyo2}. Now d' = p(v — wp - \) and
hence 0 = dim(Cy) > dim C — p(v — wp - A). Thus

(3.9) dimC < p(v —wp-A) =p(v+ ).
O

The corollary below will be used to construct the convolution operation on perverse
sheaves in the next section.

3.4. Corollary. For any dominant A € X, (T) and any T-invariant closed subset X C

G we have dim(X) < max;, cxr p(A + v), where X7 stands for the set of T-fived
points of X.

Proof. From the description (3.5) we see that X NS, is non-empty precisely when
L,e X. As

(3.10) X = UpexrXNS8, CUp cxrS NSy,

we get our conclusion by appealing to the previous theorem. O
Let us write Mody for the category of finitely generated k-modules.

3.5. Theorem. For all A € Pg,(9r, k) we have a canonical isomorphism

(3.11) HE(S,,A) = HE (Gr,A)

and both sides vanish for k # 2p(v) .
In particular, the functors F,, : Pg, (9r,k)— Mody, defined by F, = ng(y)(Sl,, -) =
H?Fi(y)(gr, —), are ezact.

Proof. Let A € Pg, (9r,k). For any dominant 7 the restriction A‘ Gr" lies, as a complex
of sheaves, in degrees < —dim(G9r") = —2p(n), i.e., A‘Srn € D=2¢((Gr" k). From
the dimension estimates 3.2 and fact that H*(S, NGt k) = 0, for k& > 2dim(S, NGt") =
2p(v +n) we conclude:

(3.12) HA(S, NG A) = 0 if k> 2p(v).
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A straightforward spectral sequence argument, filtering Gr by Gr”, implies that
H?(S,,A) can be expressed in terms of H’(S, N 9r”, A) and this implies the first of
the statements below:

HE(S,, A) = 0 if k> 2p(v)
HE (Gr,A) = 0 ifk<2p(v).

The proof for the second statement is completely analogous.
It remains to prove (3.11). Recall that we have a G,,-action on Gr via the cocharacter
2p whose fixed points are the points L,, v € X, (T'), and that

(3.13)

(3.14) S, = {x €5r| lir% 2p(s)x =L, }
(3.15) T, = {x€8r| lim 2p(s)z = L,}.

The statement (3.11) now follows from theorem 1 in [Br].
O

We will denote by F': Pg, (9r,k)— Mody the sum of the functors F,, v € X.(T).
3.6. Theorem. We have a natural equivalence of functors

H = F = @ HFS,-) : Pg,(Grk) — Mody.
I/GX*(T)

Furthermore, this equivalence and the functors F,, are independent of the choice of the
pair T C B.

Proof. The cohomology functor H* has two filtrations indexed by X.(7"). One is given

by kernels of of the functors H* — H}(S,, —) and the other by images of the functors
H7 (9r,—) — H". The vanishing statement in 3.5 implies that these filtrations are

complementary. More precisely, in degree 2p(v) we get H2Tp (V)(Sr, -) = H?Fi (V)(Sr, -),
ng(l’)(g,,, -) = Hzp(y)(S,,7 —), and the composition of the functors H;’Z(V)(Sr,—) —

H2P ) ng(y)(S,,, —) is the canonical equivalence in 3.5. Hence, the two filtrations of
H* split each other and provide the desired natural equivalence.

It remains to prove the independence of the equivalence and the functors F) of the
choice of T' C B. Let us fix a reference Ty C By and a v € X, (1) which gives us the
S9 = (Np)x - v. The choice of pairs T C B is parametrized by the variety G/Tp. Note
that there is a canonical isomorphism between T and Tj; they are both canonically
isomorphic to the “universal” Cartan By/Ny = B/N. Consider the following diagram

Gr «2— Grx G/Ty 2 S
(3.16) | /|
G/T[) _—— G/TO .

Here p, q,r are projections and S = {(z,¢Tp) € Gr x G/Ty | = € ¢S, }. For a point in
G /T, i.e., for a choice of T' C B the fiber of r is precisely the set S, of the pair. Now,
for any A € Pg, (9r,k) the local system Rg.jij*p*A is a sublocal system of Rg.p*A.
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As the latter local system is trivial, so is the former and hence the functors F), are
independent of the choice of T' C B. O

3.7. Corollary. The global cohomology functor H* = F' : Pg, (9r, k) — Mody is faithful
and ezact.

Proof. The exactness follows from 3.5 and 3.6. If A € P, (91, k) is non-zero then there
exists an orbit Gr which is open in the support of A. If we choose A dominant then

T) is a point in Gr* and we see that Fy(A) # 0. As H* does not annihilate non-zero
objects it is faithful. O

3.8. Remark. The decompositions for N and its opposite unipotent subgroup N are
explicitly related by a canonical identification H’fgy(gr,f[) = H?woﬂ(gr,fl), given by the
action of any representative of wy, the longest element in the Weyl group.

We have the following criterion for a sheaf to be perverse

3.9. Lemma. A sheaf A € Dg, (G, k) is perverse if and only if for all v € X, (T) the
cohomology group H:(S,,A) is zero except possibly in degree 2p(v).

Proof. By 3.5 and 3.6 and an easy spectral sequence argument one concludes that
Hzp(y)(S,,, PHE(A)) = Hzp(ka(Sl,, A). This forces A to be perverse. O

Finally, we use the results of this section to give a rather explicit geometric descrip-
tion of the cohomology of the standard sheaves J,(\, k) and I, (), k).

3.10. Proposition. There are canonical identifications
F,[0(\K)] 22 k[Irr(SranSy)] = F 0.0\ Kk)];
here k[Irr(Sry N S,)] stands for the free k-module generated by the irreducible compo-

nents of Gry N Sy.

Proof. We will give the argument for J;(A, k). The argument for J,(\, k) is completely
analogous. We proceed precisely the same way as in the beginning of the proof of
3.5. Let us write A = Jy(\, k). Consider an orbit Gr” in the boundary of Gr*. Then
AlGr" € D=~dim(S")=2(Gp k). The estimate 3.12 implies that H%(S, N G, A) = 0 if
k > 2p(v) — 2. Therefore, we conclude by using the spectral sequence associated to the
filtration of Gr by G7 that H")(S,,A4) = H2" (S, NG, A). Finally,

(3.17) H2W(S, NG, A) = H2HN(S, NGt k) = H2AmENSN) (g A G k).

As the last cohomology group is the top cohomology group, it is a free k-module with

basis Ir’r(g/\ nsSy). O
4. Convolution product

In this section we will put a tensor category structure on Pg, (9r,k) via the convo-
lution product. In some of our constructions in this section and the next one we are
lead to sheaves with infinite dimensional support. The fact that it is legitimate to work
with such objects is explained in section 2.2 of [Na].
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Consider the following diagram of maps
(4.1) Grx Gr £ Go x Gr L Gy x@, Gr = Gr.

Here Gx X@, Gr denotes the quotient of G x Gr by G where the action is given
on the Ggc-factor via right multiplication by an inverse and on the SGr-factor by left
multiplication. The p and ¢ are projection maps and m is the multiplication map. We
define the convolution product

(4.2) A1 Ay = Rm,A  where ¢*A= p*(PHO(A; K Ay)).

To justify this definition, we note that the sheaf p*(PH(A; X As)) on Gy x Gr is
Gy x Gg-equivariant with the first G acting on the left and the second G¢ acting
on the Ggc-factor via right multiplication by an inverse and on the Gr-factor by left
multiplication. As the second Gg-action is free, we see that the unique A in (4.1)
exists.

4.1. Proposition. The convolution product AjxAs of two perverse sheaves is perverse.

To prove this, let us introduce the notion of a stratified semi-small map. To this end,
let us consider two complex stratified spaces (Y,7) and (X,8) and amap f:Y — X.
We assume that the two stratifications are locally trivial with connected strata and that
f is a stratified with respect to the stratifications T and 3, i.e., that for any T' € T the
image f(T') is a union of strata in 8§ and for any S € § the map f’f‘l(S) CfHS) — S
is locally trivial in the stratified sense. We say that f is a stratified semi-small map if

a) for any T € T the map f‘T is proper

b) for any T € T and any S € § such that S C f(T) we have

(4.3) ‘ . B 1 B .
dim(f~ (x)NT) < i(dlm f(T) —dim S)

for any (and thus all) z € S'.

Let us also introduce the notion of a small stratified map. We say that f is a small
stratified map if there exists a (non-trivial) open dense stratified subset W of Y such
that

a) for any T € T the map f|T is proper
b) the map f|W : W — f(W) is finite and W = f~(f(W))
(4.4) ¢) forany T € T and any S € 8 such that S C f(T) — f(W)
_ 1 _
we have dim(f~1(z)NT) < 5 (dim f(T) — dim )
for any (and thus all) x € S'.

The result below follows directly from dimension counting:

4.2. Lemma. If f is a semi-small stratified map then Rf.A € Pg(X,k) for all A €
Py(Y,k). If f is a small stratified map then, with any W as above, and any A €
Py(W,k), we have Rf.jiuA = jifuA, where j: W — Y and j: f(W) — X denote the

two inclusions.
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We apply the above considerations, in the semi-small case, to our situation. We
take Y = Gx xg, 9r and choose T to be the stratification whose strata are 9~r)\’” =
p1(G1Y) xg, Gr#, for A\, p € X.(T). We also let X = Gr, § the stratification by Go-
orbits, and choose f = m. Note that the sheaf A is constructible with respect to the

stratification 7. To be able to apply 4.2 and conclude the proof of 4.1, we appeal to
the following

4.3. Lemma. The multiplication map Gk xg, 97 2 Gris a stratified semi-small map
with respect to the stratifications above.

Proof. We need to check that for any G g-orbit Gr” in GrAt#, the dimension of the fiber
s A, s A, = . .

m~'L, NSr Hof m: Gt = Graite at L, is not more than %codlmWSrV. We can

assume that v is anti-dominant since Gr*"7 = Gr", w € W. Since for any dominant 7,

dim Gr" = 2p(n), the codimension in question is:

codimWSr” =2p(A 4+ p) —2p(wo-v) = 2p(A+ u+v).
Therefore, we need to show that
(4.5) dim(m 'L, N 9}”) < pA+p+v).

Let p be the projection G xg, Gr — Gr given by (g,hGo) — gGo, and consider
the isomorphism (p,m) : Gx Xg, 9r = Gr x Gr. The mapping (p,m) carries the

fiber m~'L, to Gr x L,. The set dim(p(m~'L, N E’;rA’H)) is T-invariant, and hence
we can apply corollary 3.4 to compute its dimension. To do so, we need to find the
T-fixed points in p(m~1L, N Q‘rk’“) C Gr*. The T-fixed points in m~'L, N 9?’“ are
precisely the points (2%, 2¥Go) such that ¢ and 1 are weights of L(\) and L(u) and
¢+ = v. Hence, the set T-fixed points in m~'L, N 9}“ consists of the points of the
form (2%, 2¥Go) with ¢ + 1) = v and ¢ and ¢ weights of irreducible representations

L(XN) and L(y') for some dominant N, u’ such that N < A\, ' < p. For ¢,v, ' as
above, we have

pPA+0) < p(A+@) +p+ )= p(A+v+p) < p(A+v+p).

Therefore,

(4.6)  dim(p(m 'L, NG™")) < max (PN +0)) < pA+v + ).
L¢ep(m—1LVﬁ9~r/\’”)T

This implies (4.5) and concludes the proof.
O

In completely analogy with (4.2), we can define directly the convolution product
of three sheaves, i.e., to A1, A2, A3 we can associate a perverse sheaf A; x Ao x Ag.
Furthermore, we get canonical isomorphisms A; x Ay A3 = (A1 xAg)* Az and Aq x Ag *
As = A x(AgxAs). This yields a functorial isomorphism (A; xAg)* A3 = Aq*(AgxAs)
and hence we get
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4.4. Proposition. The abelian category Pg, (9r,k), equipped with the convolution prod-
uct (4.2), has the structure of an associative tensor category (i.e., a category with a
tensor functor supplied with an associativity constraint [DM] ).

If k is a field, or, more generally, if one of the factors H*(Gr, A;) is flat the outer
tensor product AiXAs is perverse. One sees this by applying 3.9 to the Grassmannian
GrxGr of GXG.

5. The commutativity constraint and the fusion product

In this section we show that the convolution product defined in the last section
can be viewed as a “fusion” product. This interpretation allows one to provide the
convolution product on P, (Gr, k) with a commutativity constraint, making P, (9r, k)
into an associative, commutative tensor category. The exposition follows very closely
that in [MiV2]. The idea of interpreting the convolution product as a fusion product
and obtaining the commutativity constraint in this fashion is due to Drinfeld.

Let X be a smooth complex algebraic curve. For a closed point x € X we write O,
for the completion of the local ring at x and X, for its fraction field. Furthermore, for
a C-algebra R we write Xp = X x Spec(R), and X}, = (X —{x}) x Spec(R) . Using the
results of [BL1, BL2, LS] we can now view the Grassmannian 9r, = G, /G, in the
following manner. It is the ind-scheme which represents the functor from C-algebras
to sets :

R {F a G-torsor on X, v: G x X3—F|X}, a trivialization on X5 }.

Here the pairs (F,v) are to be taken up to isomorphism.

Following [BD] we globalize this construction and at the same time work over several
copies of the curve. Denote the n fold product by X™ = X x --- x X and consider the
functor

(5.1) R {(m,...,ﬂcn) € X"(R), ¥ a G-torsor on Xpg, }
. N |

V(ey,...wn) @ trivialization of F on X — Uxz;

Here we think of the points x; : Spec(R) — X as subschemes of Xg by taking their
graphs. This functor is represented by an ind-scheme Grxn». Of course Grx» is an
ind-scheme over X" and its fiber over the point (z1,...,x,) is simply Hle Gry, , where
{y1,.- - yx} = {x1,..., 2o}, with all the y; distinct. We write Gry1 = Gry.

We will now extend the diagram of maps (4.1), which was used to define the convo-
lution product, to the global situation, i.e., to a diagram of ind-schemes over X?:

(5.2) Gry X Gryx & Gry X Grx 5 GryXGryx ™ Gryo.

Here, Sry x Gryx denotes the ind-scheme representing the functor

(z1,72) € X*(R); F1,F» G-torsors on Xg; v; a trivialization of
Fion Xp —a;, for i = 1,2; pq a trivialization of F; on (Xpg) 7

(5.3) R~ { _

x2
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where (Xg),, denotes the formal neighborhood of z2 in Xg. The “twisted product”
Gryx xGry is the ind-scheme representing the functor

(z1,72) € X*(R); F1,F G-torsors on Xg; vy a trivialization }

(5.4) R»—>{ ~
of \rfl on XR—JJl; n: .rfl‘(XR—ﬁg) —MT‘(XR—.TQ)

It remains to describe the morphisms p, ¢, and m in (5.2). Because all the spaces in
(5.2) are ind-schemes over X2, and all the functors involve the choice of the same point
(71,22) € X?(R), we omit it in the formulas below. The morphism p simply forgets
the choice of p1, the morphism ¢ is given by the natural transformation

(F1,v1, p; Fo,v2) — (F1,11,F, ),

where F is the G-torsor gotten by gluing 1 on Xp — x2 and Fy on (Xpg) . using the

2
isomorphism induced by 5 o u;! between F; and Fy on (Xg — x2) N (XR),,- The
morphism m is given by the natural transformation

(9517y1797’7])|—>(95,]/)7

where v = (no1)|(Xg — 21 — x2).
The global analogue of G is the group-scheme G x» ¢ which represents the functor

(1,...,2,) € X"(R), F the trivial G-torsor on Xpg,

[(zy,...x,) & trivialization of F on (Xg) (4, 0. 0z,)

Proceeding as in section 4 we define the convolution product of By, By € P , (Grx, k)
by the formula

(5.6) By xx By = Rm,B where q*@ =p*(B1 X Bg).

The existence the sheaf B can be justified in the same manner as in the definition of the
convolution product. Furthermore, the map m is a stratified small map — regardless
of the stratification on X. To see this, let us denote by A C X? the diagonal and set
U = X2 — A. Then we can take, in definition 4.4, as W the locus of points lying over
U. That m is small now follows as m is an isomorphism over U and over points of A
the map m coincides with its analogue in section 4 which is semi-small by proposition
4.3.

We will now construct the commutativity constraint. For simplicity we specialize
to the case X = A!. The advantage is that we can once and for all choose a global
coordinate. Then the choice of a global coordinate on A!, trivializes Grx over X; let
us write 7 : Gry — Gr for the projection. Let us denote 70 = 7*[1] : Pg, (Gr,k) —
Pgy o (Grx, k). By restricting Gry(2) to the diagonal A = X and to U, and observing
that these restrictions are isomorphic to Grx and to (Srx x Gr X)|U respectively, we
get the following diagram

Grx —— Sryxz 21— (Srx x Grx)|U

e | |

X — X2 — U
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For Ay, Ay € Pg, (Gr, k) we have:
a)  TOApxx T0Ag = gy (1041 K T0A,)|U)

5.8
( ) b) TO(Al *AQ) = iO(Toﬂl *x TO.AQ).

Part a) follows from smallness of m and lemma 4.2, and part b) follows directly from
definitions.
Utilizing the the statements above yields the following sequence of isomorphisms:

T0(A1 x Ag) =%, ((T°A1 B TA)|U)

5.9
(5:9) = %1, (%A B 704 |U) = 79(Az % Aq) .

Specializing this isomorphism to (any) point on the diagonal yields a functorial isomor-
phism between A; * As and Az x A;. This gives us a commutativity constraint making
Pg, (Gr, k) into a tensor category. In the next section we modify this commutativity
constraint slightly. It will be the modified commutativity constraint that will be used
in the rest of the paper.

5.1. Remark. One can avoid having to specialize to the case X = A' here, as well as
in the next section. This can be done by dealing with all choices of a local coordinate at
all points of the curve X. This gives rise to the Aut(O)-torsor X — X. The functor
70 P, (91, k) — Pay , (Srx, k) is constructed by noting that Grx — X is the fibration
associated to the Aut(O)-torsor X — X and the Aut(O)-action on Gr. By proposition
2.2, sheaves in Pg,(9r, k) are Aut(O)-equivariant and hence we can transfer them to
sheaves on Grx.

6. Tensor functors

In this section we will to show that our functor
(6.1) H* = F = @ HFY(S,-) : Pg,(Sr,k) — Mody

is a tensor functor. To this end let us write Modj, for the tensor category of finitely
generated Z /27 - graded (super) modules over k. Let us consider the global cohomology
functor as a functor H* : P, (9r, k) — Modj; here we only keep track of the parity of
the grading on global cohomology. Then:

6.1. Lemma. The functor H* : Pg, (97, k) — Mody, is a tensor functor with respect to
the commutativity constraint of the previous section.

Proof. We use the interpretation of the convolution product as a fusion product, ex-
plained in the previous section. Let us write 79 : Sr?X — X2 for the projection and again
set X = Al. The lemma is an immediate consequence of the following statements:

(6.2a) R(ro)«(1°(A1) *x 7°(A2))|U is the constant sheaf H*(Sr,A;) ® H*(Gr,As).
(6.2b) R(r2)«(T°(A1) x 7°(A2))|A = 7°(H*(Gr, A1 * Ap))
(6.2c) the sheaves RF(ro).(7°(A1) *x 7°(A2)) are constant .
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The first two parts follow from (5.8). To prove (6.2c) we have to show that
(6.3) RE(r9 0m).B is constant;

here ¢*B = p*(7°(A1) K 70(As)). To this end we note that natural action of the group
Gy X Gg by translations on X x X = Al x Al induces an action of G, x G, on Gry xGry.

Clearly, the sheaf B is equivariant under this action. This implies (6.2¢)
O

6.2. Remark. The statements in (6.2) hold for an arbitrary curve X. This can be seen

by utilizing the Aut(O)-torsor X X of remark 5.1 and proposition 2.2; for details
see [Na].

Let Mody denote the category of finite dimensional vector spaces over k. To make
H* : Pg, (Sr,k) — Mody into a tensor functor we alter, following Beilinson and Drin-
feld, the commutativity constraint of the previous section slightly. We consider the
constraint from §3 on the category Pg, (9r,k) ® Modj and restrict it to a subcate-
gory that we identify with Pg,(Sr,k). Divide Gr into unions of connected compo-
nents 9r = Gr, U Gr_ so that the dimension of Ge-orbits is even in Gr, and odd in
Gr_. This gives a Zo-grading on the category Pg, (9r,k) hence a new Zs-grading on
Pa, (91r,k) ® Mody. The subcategory of even objects is identified with Pg, (9r,k) by
forgetting the grading. Hence, we conclude from the previous lemma:

6.3. Proposition. The functor H* : Pg, (97, k) — Mody is a tensor functor with
respect to the above commutativity constraint.

Let us write Mody (X, (T"))) for the (tensor) category of finitely generated k-modules
with a X, (T)-grading. We can view F' = @,¢x, (1) I as a functor from Pg, (Ir,k) to
Modg(X«(T'))). Then we have the following generalization of the previous proposition:

6.4. Proposition. The functor F : Pqg, (G, k) — Mody(X(T'))) is a tensor functor.

Proof. The notion of the subspaces S, and T, can be extended to the situation of
families, i.e., to the global Grassmannians Grx». Recall that the fiber of the projection
Ty @ Grxn — X" over the point (z1,...,x,) is simply Hle Gry, , where {y1,...,yx} =
{z1,...,x,}, with all the y; distinct. Attached to the coweight v € X, (T') we associate
the ind-subscheme

k
(6.4) H Sy, C H Gry, =10 (21,0, )
i=1

vi+-+rv+k=v =

These ind-schemes altogether form an ind-subscheme S, (X™) of Grxn. This is easy to
see for n = 1 by choosing a global parameter, for example. By the same argument
we see that outside of the diagonals S, (X") form a subscheme. It is now not difficult
to check that the closure of this locus lies inside S, (X"™). Similarly, we define the
ind-subschemes T, (X™). Let us write s, and ¢, for the inclusion maps of S, (X") and
T,(X™) to Grxn, respectively. We have the action of G, on Grxn via the cocharacter
2p. The fixed point set of this action consists of the locus of products of the fixed
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points in the individual affine Grassmannians, i.e., above the point (z1,...,x,) where
{z1,...,xn} ={y1,...,yr}, with all the y; distinct, the fixed points are of of the form

k
(6.5) (Lugs - L) € [ ] Grus;
=1

recall that we write L, for the point in Gr corresponding to the cocharacter v € X, (T).
We write C), for the subset of the fixed point locus lying inside S, (X™), i.e.,

(6.6) C,nr (... m,) = U @, L)}
vi+-tv+k=v

Let us write 4, : S, (X™) — Grxn and k, : T,(X™) — Grxn for the inclusions. By the
same argument as in the proof of theorem 3.2 we see that

(6.7) Sy(X™) = {z€ Grxn | llir(l) 2p(s)z € C,}

and

(6.8) T,(X") = {z€ Grxn| Slggo 2p(s)z € Cu}.

Let us write p, : S,(X™) — C, and ¢, : T,,(X™) — C, for the retractions:
(6.9) p(z) = lgl%) 2p(s)z for z € S,(X")

(6.10) a@(z) = Slggo 2p(s)z for z € T,(X").
Furthermore,

(6.11) C, = S,(X")NT,(X").

By Theorem 1 of [Br| we conclude that

(6.12) iysyB = kit,B for BEPgyn,(Srxn,k).

Rephrasing this result in terms of the contractions p, and ¢,:
(6.13) R(p)s;B = Rlqy)t,B  for B €Pgyn,(Grxn,k).
Let us now, for simplicity, choose X = Al. Let Aj,As € Pg,(91,k). We write

B, =194, and By = 7945. We form the convolution product By % By = Rm,B. By
statement (6.2c) we see:

The sheaf RF(ro),Rm.B on X? is constant with fiber
(6.14) HY(Sr, A+ A2) = @D HY(9r, A1) @ H®(Gr, Ay).
k1+ko=k

Let us now consider the sheaves
(6.15) LR (AL, An) = R¥(r9)wR(py 155 RmyB = R¥(r3) R(qy )«t, Rm. B ;

here we have used (6.13) to identify the last two sheaves. It is now easy to calculate
the fibers of the sheaf LF(A1,As) using theorem 3.6. First of all,

(6.16) LHMALA) () = 0 ifk#2p(v).
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Secondly,

Hzp(”)(S,,,Al * .Az) if 1 = X2

6.17) LF(AL, A =
N {@WQVHE”W(sVl,Al)®H3p<”2>(sy2,A2) if 2y # s

We now proceed as in the proof of theorem 3.6. Let us consider the closures S, (X™)
and T,,(X™) of the ind-subschemes S, (X") and T, (X™) and let us write i, : S,(X") —

Gryx» and ky, : T,(X™) — Grx» for the inclusions. Let us write B = Rm.B. Then we
have the following canonical morphisms

(6.18a) R(r9)+B = R(ro)iB — R(r2)15:B
(6.18b) R(r9)+B — R(ro)t,B.

These morphisms give us two filtrations of RF (TQ)*Rm*@, one by kernels of the the
morphisms

(6.19) R¥(r9)yB — RE(ry)15%B
and the other by images of the morphisms
(6.20) RF(r9) t,B — RF(ry),B.

By the discussion above, these filtrations are complementary and hence yield the fol-
lowing canonical isomorphism

(6.21) R*(ro) Rm.B = @ LMA1,Ag).
2p(v)=k

By (6.14) the sheaf on the right hand side is constant. Therefore the sheaves
LF(A1,As) must be constant. Appealing to (6.17) completes the proof.
[

7. The case of a field of characteristic zero

In this section we treat the case when the base ring k is a field of characteristic zero.
This case was treated already in [Gi] when k = C. Here we make use of Tannakian
formalism, using [DM] as a general reference. In section 11, where we work over an
arbitrary base ring k, we carry out the constructions explicitly without referring to the
general Tannakian formalism.

7.1. Lemma. If k is a field of characteristic zero then the category Pg,(Gr k) is
semisimple. In particular, the sheaves Ji(\ k), J1.(\, k), and J.(\, k) are isomorphic.

Proof. The parity vanishing of the stalks of J. (A, k), proved in [Lu], section 11, and
the fact that the orbits Gr* are simply connected implies immediately that there are
no extensions between the simple objects in P, (91, k). O

7.2. Remark. The use of the above lemma can be avoided. One must then ignore
this section and first go through the rest of the paper in the case when k is a field of
characteristic zero. The arguments of section 12, in a greatly simplified form, then give
theorem 7.5.
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By [DM], proposition 1.20, Pg, (Gr,k) is a neutral Tannakian category with fiber
functor F. Hence, by theorem 2.11 of [DM], we conclude:

there is a group scheme G over k such that

(7.1) the category of finite dimensional k-representations of G

is equivalent to Pg, (9r,k), as tensor categories .

We will now identify the group G. Let us write G for the dual group of G, i.e., G is
the split reductive group over k whose root datum is dual to that of G.

7.3. Theorem. The category of finite dimensional k-representations of G is equivalent
to Pg, (Gr, k), as tensor categories.

Before giving a proof of this theorem we discuss it briefly from the point of view of
representation theory. We can view the theorem as giving us a geometric interpretation
of representation theory of G. First of all, as we use global cohomology as fiber functor,
it follows that the representation space for the representation Vg, associated to F &€
Pg, (Gr, k), is the global cohomology H*(Gr, F). As the proof of the theorem will show,
T, the dual torus of T, is a maximal torus in G. The decomposition of Vi into its
T-weight spaces is then given by theorem 3.6:

(7.2) H'(Sr,9) = @ HF(S,, 7).

veX*(T)

Given a dominant A € X, (T') = X*(T") we can associate to it both the highest weight
representation L(\) of G' and the sheaf J,.(\, k) € Pg, (Sr,k). Obviously, V. (0k) 18
irreducible and by the formula above we see that it is of highest weight A\. Hence,
V,.00k) = L(A). Combining this discussion with lemma 7.1 and proposition 3.10 gives:

7.4. Corollary. The v-weight space L()), of L()) can be canonically identified with
the k-vector space spanned by the irreducible components of §rxNS,. In particular, the
dimension of L(\), is given by the number of irreducible components of Gry N S, .

The rest of this section is devoted to the proof of theorem 7.3. We begin with an
observation:

(7.3) the group scheme G is a split connected reductive algebraic group

To see that G is algebraic, we observe that it has a tensor generator. Let A1,..., A,
be a set of generators for the dominant weights in X, (7"). As a generator we can then
take @J1. (A, k). It is tensor generator because for any dominant A\ the sheaf Jj, (A, k)
appears as a direct summand in the product

(7.4) T (A, )™ D (A )™

here A = S" k1A + --- + k.M. Thus, by [DM], proposition 2.20, G is an algebraic
group. As there is no tensor subcategory of Pg, (Gr,k) whose objects are direct sums
of finitely many fixed irreducible objects the group G is connected by [DM], corollary
2.22. Finally, as Pg, (9r,k) is semisimple, G is reductive, by [DM], proposition 2.23.
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To see that G is split, we exhibit a split maximal torus in G. By proposition 6.4 the
fiber functor F' = H* factors as follows:

(7.5) F =H*: Pg, (Sr,k) — Mody(X.(T))) — Mod .

This gives us a homomorphism 7' — G; here T is the torus dual to 7. As any character
A € X*(T) = X.(T) appears as the direct summand Fy(J,(\,k)) in F(J.(\k)) we
conclude that 7" is a split torus in G. It is clearly maximal as the representation ring
of G is of the same rank as 7.

It now remains to identify the root datum of G with the dual of the root datum of
G. Recall that we have also fixed a choice of positive roots, i.e., a Borel B such that
T C B C G. The root datum of G is then given as (X*(T), X.(T), ®(G,T), ®(G, T)),
where ®(G,T) C X*(T) are the roots and ®(G, T) C X, (T) are the coroots of G with

respect to T. Because X*(T) = X, (T) and X, (T) = X*(T), it suffices to show that
(7.6) (G, T)=d(G,T) and &G, T)=d(G,T).
To this end we note that theorem 3.2, corollary 3.3, and proposition 3.10 imply that:

The irreducible representations of G are

(7.7) parametrized by dominant coweights A € X, (7).
and

The T-weights of the irreducible representation
(7.8) associated to A are the same as the T-weights

of the irreducible representation of G associated to \.

Note that the choice of a Borel subgroup of G is equivalent to a consistent choice
of a line, the highest weight line, in each irreducible representation of G. The choice
Fr\(7.(A\,k)) in F(J.(\ k)) for all dominant A € X, (T) yields a Borel subgroup B of G
such that the dominant weights of G in X*(T') coincide with the dominant coweights
of G in X,(T). This implies that the simple coroot directions of the triple (7', B, G)
coincide with the simple root directions of (T, B, G). The statements (7.7), (7.8) above
now imply that the simple roots of the triple (T, B , G) coincide with the simple coroots
of (T, B,G). This, finally gives (7.6).

8. Standard sheaves

In this section we prove some basic results about standard sheaves which will be
crucial for us later. Let us write D for the Verdier duality functor.

8.1. Proposition. We have

k

(S

1

(a) h(Nk) = 5(NZ)

k

N~ N

(b) 7,(0Kk) 22 9,(\,Z)
(c) DI\ k) =7, (\ k).
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Proof. The proofs of (a) and (b) are analogous and hence we will only prove (a). Because
L L

(8.1) Ho (S, 71N, Z)©k) = H(Sy,Di(A, 2)) 9k
z z

and, by proposition 3.10, H(S,,J1(A,Z)) is a free abelian group in degree 2p(v) we
L

conclude that H}(S,,J1(\, Z)®k) is nonzero only in degree 2p(v). Hence, by lemma
Z

L
3.9, we see that J)(\, Z)®k is perverse. There is a canonical map
Z

. L
(8.2) WA k) = KA Z)&k,

which is an isomorphism when restricted to Gr*. Therefore, applying the functor F, to
the morphism ¢ and using the previous proposition yields an isomorphism

(8.3) F,(I(\K)) = K[Irr(Sryn S,)] F”—(”>Z[Irr(§ms,,)]%k _ F,,(J;(A,Z)(%k).

By corollary 3.7 the functor F' = &F), is faithful and thus we conclude that ¢ is an
isomorphism.
The proof of part (c) proceeds in a similar fashion. First we observe that

(84)  Hy, (51,0 %(\K) 2 DHI(T,H(K) = DH:(Sunas BN K)).

Because H} (S, J1(A, k)) is a free k-module concentrated in degree 2p(wg-v), we con-
clude that ]D)(H*Two_u(gr, J1(\,k))) is a concentrated in degree —2p(wg-v) = 2p(v). Thus,
we conclude that DJy(\, k) is perverse. Furthermore, we note that

Hz, (91, D (A k) ——  D(HI(T,H(\ k)

(8.5) l lg
H, (G, D 91(\k)) —— D(HE(T, N, 91\ K))),

which implies that the left hand arrow is also an isomorphism. We have a canonical
map

(8.6) D 3\ k) == J.(\ k)

To show that this map is an isomorphism it suffice to show that the maps F, () are
isomorphisms. Restricting to Gr* gives us the following commutative diagram:

HE (91, D 9\ k) — 1, (9r,9.(0 k)

(8.7) gl lg

Hj, (50D 5i(\ k) —— Hf, (5, 9.(\ k) .

In this diagram the bottom arrow is an isomorphism because ¢ restricted to Gr’ is an
isomorphism, the left vertical arrow is an isomorphism by (8.5), and finally, the right
vertical arrow is an isomorphism by proposition 3.10 (or, rather, by the proof thereof).
This shows that F),(¢) is an isomorphism.
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8.2. Proposition. The canonical map J,(\, Z)— J1.(\,Z) is an isomorphism.
Proof. Let us consider the following commutative diagram:

WNZ) —2 I.(\2)

(8.8) l l
7(0Q) — %.(\,Q).

The bottom map is an isomorphism by lemma 7.1. Let us apply the functor F, to this
diagram. The columns become inclusions by corollary 8.1 and the bottom arrow is an
isomorphism as we just observed. Therefore, F),(«) is an inclusion and therefore so is
a. This implies that the canonical surjection Jy(\, Z)— Ji.(\, Z) is an isomorphism. [

9. Representability of the weight functors

In section §3 we showed that the functors F,,déf Hzp(l’)(S’V, ) = HE (Sr, —)[2p(v)],
from Pg, (9r,k) to Mody, for v € X,(T'), are exact. Hence, one would expect them to
be (pro) representable. Here we prove that this is indeed the case:

9.1. Proposition. Let Z C Gr be a closed subset which is a finite union of Go-orbits.
The functor F), restricted to Pg,(Z,k) is represented by a projective object Pz(v,k) of
Pa, (Z,k).

Proof. We make use of the induction functors. Let us recall their construction. For
more details see, for example, [MiV1]. Let A be an algebraic group acting on a variety
Y and let B be a subgroup of A. The forgetful functor ¥4 : Da(Y,k)— Dp(Y,k) has
a left adjoint v4 : Dp(Y,k)— Da(Y,k) which can be constructed as follows. Consider
the diagram

(9.1) Z AxZ L AxpZ o7,

The maps p and ¢ are projections, and a is the action map. The group A x B acts
on the leftmost copy of Z via the factor B, on A x Z and A xp Z by the formula
(a,b)-(a’,z) = (a-a’-b=1,b-2), and on the leftmost copy of Z via the factor A. The left
adjoint ’yé is now given by

(9.2)  ~B(A) = @A where A is defined via ¢'4 = p'A;for A e Dp(Y,k)

Let O, = 0/z""! and let us write G, for the algebraic group whose C-points
are G(0,). We use analogous notation for other groups. Now choose n >> 0 so
that the Gp-action on Z factors through the action of Gy,. We write Pz(v,k) =

PHO (’Yfe?" (kr,nz[—2p(v)])). We claim:

(9.3) the functor F, : Pg,(Z,k) — Mody is represented by Pz(v,k)
To see this, let A € Pg,(Z,k), and then:
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(94) F(A) = HY(Z,4) =
Extd .1 (kr,nz[~20(0)], T (5" A) =
Exth,, (20" knnzl-200)), A).
Let us write F = ”YiinkTymZ[—Qp(V)]- Then
(9.5) the sheaf F lies in pDégn(Z,k).

To see this, let us write d for the largest integer such that pHd(S‘") # 0. Then, we see,
as in (9.4), that

(9-6) 0 # Hompy, (7 (F,"H(T)[~d]) =

— ~ 112p(V)—d
Ext (2T THT) = HY™(Z,4).

This forces d = 0 and we have proved (9.5). This immediately implies (9.3).

9.2. Corollary. The category Pg,(Z,k) has enough projectives.

Proof. Let A € P, (Z,k). Choose finitely generated k-projective covers f, : P,—F,(A).
Then

(9.7) Hom(P, ®k Pz(v,k),A) = Homg[P,,Hom(Pz(v,k),A)] = Homg[P,, F,(A)].

By construction, the map p, € Hom(P, ®y Pz (v, k), A) corresponding to the k-projective
cover f, : P,—F,(A) satisfies F},(p,) = f,. Since ®,F, = F is exact and faithful,
@, P, ® Pz(v,k) is a projective cover of A.

|

We can describe the sheaf Pz(v,k) = pHO(V{G;?" (kz,nz[—2p(v)])) rather explicitly as
follows. Let us consider the following diagram:

zZ <X Gy xz 25z

o 1 T
T,NZ —'— Go, x(T,NnZ) —*— Z

and use it to calculate ’y?;?" (kz,nz[—2p(v)]):

G .
(99) 73" (krynz[-2p(v)]) = Rap'ikr,nz[~2p(v)] =
Rayr'kg,nz[-2p(v)] = Rake,, n(1,n2)2 dim(Go,) — 2p(v)].
Let us consider a point L, € Z, where we again choose 1 € X,(T") dominant. Then

9.3. Lemma. The dimension of the fiber a~'(Ly) is dim Go, — p(v +n) if n > v,
otherwise it is empty.
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Proof. We have
(9.10) @ '(Ly) = {(9,2) € Go, x (T,NZ) | g-2=n} =
{(9,2) € Go, x (T,NG") | g-z=n}.

By theorem 3.2, we see that ¢~ (Ly) is empty unless n > v. Furthermore, from theorem
3.2, we see that if n > v then

(9.11) dima *(L,) =
p(n —v) +dim((Go,)y) = p(n—v)+dim(Go,) — dim Gr" =
p(n —v) +dim(Go,) — 2dimp(n) = dim(Go,) —p(n+v).
O

In other words, Pz(v,k) is the zero” perverse cohomology of the l-image of a (shift
of) a constant sheaf under an “essentially semi-small” map. Here “essentially semi-
small” means that the the dimensions of fibers have the correct increment but the
generic fiber is not finite.

10. The structure of projectives that represent weight functors

In this section we analyze the projective Pz(k) = @, Pz(v,k) which represents the
fiber functor F' on Pg, (Z, k).

10.1. Proposition. (a) Let Y C Z be a closed subset consisting of Go-orbits. Then
Py(k) = PH(Pz(k)|Y),
and there is a canonical surjection
Py (k) — Py (k).
(b) The projective Pz (k) has a filtration such that the the associated graded
Gr(Pz(k)) = @ FILAK] @I\ k).
g cz

In particular, F(Pz(k)) is free over k.

(c) Pz(v,k) = Py(v, Z)@k

Proof. We begin with (a). Let i : Y— Z, the identity Hom(Pz(k), i.—) = Hom(i* Pz (k),

shows that the complex Pz(k ’Y € pDéo (Y k), represents F' on the subcategory
Pg, (Y, k), and hence so does PH(Pz(k)|Y) € Pg, (Y, k). Thus, Py (k) = PH(Pz(k)|Y).
For any A € Pg, (Y, k) we have the identity Hom(Py(k), A) = Hom(Py (k), A). This
gives a canonical map Pz (k) — Py (k) which has to be a surjection.

Now we will prove parts (b) and (c¢) simultaneously. We will argue (b) by induction
on the number of Gg-orbits in Z. Let us assume that Gr* is an open Gg-orbit in Z
and let Y = Z — Gr. Let us consider the following exact sequence:

(10.1) 0— K — Pz(k) — Py(k)— 0,

-)
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where K is simply the kernel of the canonical map from (a). Let M be a k-module and
let us take RHom of the exact sequence above to J.(\, M):

(10.2) 0 — Hom(Py (k),Js(\,M)) — Hom(Pz(k),J.(\,M)) —
Hom(K,J.(\, M)) — Ext!(Py (k),J.(\, M)).
By adjunction the first and last terms are zero and so we get, again by adjunction,
(10.3) Hom(K|gx, Mga[2p(N)]) = Hom (K, (A, M)) =
Hom(Pz(k),J.(\, M)) = F(3.(\,M)).
We can view (10.3) as a functor from k-modules to k-modules
(10.4) M — F(J.(\,M)).

This functor is, by the results in §8 represented by the free k-module F'(J,(\ k))*. As
it is also represented by K ‘gr)\, we conclude:

(10.5) Klgp = FI.(0K)* @ kg [20(V)].

Now we claim:

(10.6) K = FO,(\K)* @5\ K) = 9\, F(I,.(\ k).

To prove this claim, let us consider the following exact sequence

(10.7) 0— K — F,(\K) @ i(Mk) - K —C —0.

The kernel K’ and the cokernel C are supported on Y. If we take RHom of the exact
sequence (10.1) to C, we get

(10.8) 0 — Hom(Py (k),C) % Hom(Pz(k),C) — Hom(K, C) — Ext}(Py(k),C).

Because C' is supported on Y the map « is an isomorphism and the last term vanishes.
Therefore C must be zero. To prove that K’ is zero, we first assume that k = Z. Then,
by 8.2, J}(A\,Z) = 31.(\,Z). As J.(\,Z) has no subobjects supported on Y, K’ = 0.
Using (10.1) and (10.6), and proceeding by induction on the number of G g-orbits, we
obtain (b) when k = Z.

We will now prove (c). Because k(%ﬂg()\,Z) = J)(\, k) and because (b) holds for

k = Z, we see that k ®z Pz(Z) is perverse. By formula (2.6.7) in [KS], we see that for
any A € Pg,(Z,k) we have
(10.9) Homk(]k X7z, Pz(Z),A) = HomZ(PZ(Z),Rﬂom(k,A)) =

Homgz(Pz(Z),A) = H*(9r,A).

Thus, k ®z Pz(Z) represents the functor F' on Pg,(Z, k) and hence we must have
k ®7 Pz(Z) = Pz(k).
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Finally to get statement (b) for an arbitrary ring k, it suffices to use (c), (b) for the
case k = Z, and the fact that k®3!()\, Z) = 31\ k).
Z
Il

Let us write P§ o "1 (Z,k) for the subcategory of Pg,(Z,k) consisting of sheaves
A € Pgy(Z,k) such that H*(Sr, A) is k-projective. Note that, by (3.9), the category
Pﬂé;p "1 (Z,k) is closed under Verdier duality. Because Py (k) € Pﬂéop "1 (Z,k), its dual
I7(k) = D(Pz(k)) also belongs in Pﬂé;pmj(Z, k). The sheaf I (k) is an injective object
in the subcategory Pué;p "1 (Z,Kk). Note also that the abelianization of Pﬂé;p 703 (Gr, k) is
Pa, (91,k).

11. Construction of the group scheme

In this section we construct a group scheme Gy such that Pa, (91, k) is the category
of its representations. We proceed by Tannakian formalism, see, for example, [DM].
Unlike [DM] we work over an arbitrary commutative ring k. This is made possible by
the fact that F'(Pz(k)) is free over k, 10.1.

11.1. Proposition. There is a group scheme Gy over k such that the tensor category
of representations, finitely generated over k, is equivalent to Pg, (97’ k). Furthermore,
the coordinate ring k[Gy| is free over k and Gy = Spec(k) X Spec(Z) Gz .

Proof. We view Pg, (Gr, k) as a direct limit lim Pg, (Z,k); here Z runs through finite
— 7

dimensional Gg-invariant closed subsets of the affine Grassmannian Gr. Let us write
Az (k) for the k-algebra End(Pz(k)) = F(Pz(k)). The algebra Az (k) is free of finite
rank over k. Let us write Mod 4, i for the category of Az(k)-modules which are finitely
generated over k. Because Pz(k) is a projective generator of Pg,(Z,k), we see that
the restriction of the functor F to Pg, (Z,k)—Mody lifts to an equivalence of abelian
categories:

(11.1) the categories Pg,, (Z,k) and Mody,, () are equivalent as abelian categories.

As Az(k) is free over k, its k-dual Bz(k) is naturally a co-algebra. Furthermore, it is
equivalent to give a structure of an Az (k)-module or a Bz(k)-comodule to a k-module
V:

(11.2) Homy (Az(k) @k V,V) = Homg(V,Bz(k) @k V).

Thus we conclude:
(11.3)
the categories Pg,, (Z,k) and Comodp,, (i) are equivalent as abelian categories.

Let us write Iz (k) for the Verdier dual of Pz(k). Now,
(114)  Byk) = Az(k)* = H*(Sr, Pz(k))* = H*(Sr,Iz(k)) = F(Iz(k)).

If Z C Z' are both closed and G g-invariant then the canonical morphism Py (k) —
Pz (k) gives rise to a morphism Iz(k) — Iz (k) and this, in turn, gives a map of
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co-algebras Bz(k) — Byz:(k). Hence we can form the coalgebra

(11.5) B(k) = lm By (k),

and we get:

(11.6) the categories Pg, (9r,k) and Comodp) are equivalent as abelian categories.

It now remains to give the coalgebra B(k) the structure of an algebra and to give
an inverse in its coalgebra structure. We will start by giving B(k) an algebra struc-
ture. To this end, let us consider the filtration of Pg,(SGr,k) by the subcategories
Pco (A k) = Pg, (Gry, k) indexed dominant coweights A. This filtration is compatible
with the convolution product in the sense that Pg, (A k) * Pg, (1, k)CPg, (A + u, k).
We have:

(11.7) Hom([Py,(K), Pa(K) * (k)] & F[Py(K) * P (k)]
FIPRISF(P(0)] = Ax(K) &5 4, (k).

12

The element 1® 1 € Ay (k) ®k Ax(k) gives rise to a morphism Py, (k) — Py(k) * P, (k).
Dualizing this gives a morphism I (k) * I,,(k) — Ix;,(k) and by applying the functor
F' a morphism

(11.8) B)\(]k) Rk Blt(k> — B)\+H(k) .

Passing to the limit gives B(k) a structure of a commutative k-algebra; the associativity
and the commutativity of the multiplication come from the associativity and commu-
tativity of the tensor product. To summarize, we have constructed an affine monoid
Gy = Spec(B(k)) such that

(11.9) Repg,  is equivalent to  Pg, (9r,k) as tensor categories;

here Rep@]k denotes the category of representations of Gy which are finitely generated
as k-modules. 3

We will show next that G is a group scheme. To this end, we define an involution
on Pﬂé;p ") (Gr, k) as follows. Since the pro-algebraic group G acts freely on the ind-
scheme G on the right we have the equivalence

(11.10) Pa, (Gr, k) = Pa, (Gyx/Go,k) = Payxae (G, k).

On Gy we can consider the map i : Gg — G, i(g) = g~ !. Using the above equivalence
this gives us a functor i* : Pg, (Sr,k) — Pg, (Sr,k). The involution on Pué;pmj(gr,k)
is now given by

(11.11) A A* = D(i*A).
k—proj
G
generated projective k-modules, a rigid tensor category. By [Sa] 11.3.1.1, 1.5.2.2, and
1.5.2.3, we conclude that Gy = Spec(B(k)) is a group scheme.

The statement Gy = Spec(k) Xgpec(z) Gz, 1-e., that B(k) = k ®z B(Z), now follows
from Proposition 10.1 part (c). The algebra B(k) is free over k by construction.

This involution makes Rep , the category of representations of Gy on finitely
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12. The identification of Gy with the dual group of G

In this section we identify the group scheme Gi. As Gy = Spec(k) X Spec(Z) Gz, by
11.1, it suffices to do so when k = Z. Recall that there exists a unique split reductive
group scheme, the Chevalley group scheme, over Z associated to any root datum. In
this section we will show that G is the Chevalley scheme associated to the root datum
of the dual group G:

12.1. Theorem. The group scheme Gy, is the split reductive group scheme over 7 whose
root datum is dual to that of G.

Recall that we have shown in section 7 that the above statement holds at the generic
point, i.e., that GQ is split reductive reductive group whose root datum is dual to that
of G. By proposition 11.1 the group scheme Gz is flat over Spec(Z). Note, however,
that we do not yet know that the group scheme Spec(Z) is of finite type. This will
slightly complicate some of the arguments in this section. We first observe that by
the uniqueness of the Chevalley group scheme, [Dem]|, and the fact that GQ is split
reductive reductive group whose root datum is dual to that of G it suffices to show:

(12.1a) The group scheme Gz is smooth over Spec(Z)
(12.1b) The dual (split) torus 7% is a maximal torus of Gz .

(12.1c) At each geometric point Spec(k), k = F,, the group scheme G, is reductive..

Note that it is not necessary to check in (12.1c) that G, has root datum dual to that
of G; that is automatic. However, to prove the fact that Gy is smooth over Spec(Z)
and to deal with the fact that we do not yet know that Gy is of finite type we end up
having to calculate the root data of the G..

We begin by exhibiting T as a subtorus of Gy. Proceeding just as in section 7, the
functor

(12.2) F =H":Pg,(Sr,k) — Modz(X.(T)))

gives us a homomorphism T, — Gyz. On the other hand, by theorem 7.3 we know

(12.1b) when x = Q. By arguing as in section 7 we see that for x = [, the map
T, — éﬁ is an embedding and that the group scheme GH is connected.

Next, let us write (C;',.;)Ted for the reduced subgroup scheme of C;’,{. From the discus-
sion above and by appealing to theorem 7.2 of [PY] we conclude that it suffices to show

that:

(12.3) For x = F, the torus T,. is maximal in (é,{)md and the group scheme
(én)md is reductive with root datum dual to that of G .

Note that, except in characteristic 2 where it is necessary in any case, the statement

that (Gy)req is reductive with root datum dual to that of G is only needed to guarantee
that all the fibers G, are of the same dimension. Before proving the above statement,
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we make one more argument using the entire flat family and after that we only work
at k = [F,. The flatness of Gz implies that

(12.4) dim G = dim Gg > dim(Gy)peq, where & =T,
To see this, it suffices to observe that the lifts of algebraically independent elements in

the coordinate ring of (GFP)red are algebraically independent in Q[G’@]. Note that we

do not a priori have an equality in (12.4) as we do not know that Gy, is of finite type.
For any group scheme H let us write Irry for the set of irreducible representations
of H. We choose a quotient group scheme G, of G, with the following properties:

(12.5a) G, is of finite type
(12.5b) the canonical map Irrgs — Irrgs is a bijection
(12.5C) (GZ)red = (én)red

It is possible to satisfy the first and third conditions because any group scheme
is a projective limit of group schemes of finite type and by (12.4) the (Gy)peq is of
finite type. To see that (12.5b) can be satisfied it suffices to note that it is enough to
choose G sufficiently large so that the irreducible representations LY (w;) associated to
the fundamental weights w; are pull-backs of representations of G};. Then, as for any
dominant coweights A, 41, the support of the convolution product Jy,(A) * Ji. (1) is Gray,
we see that Ji,. (A4 ) has to be a subquotient of the convolution product i, (A) * . ().

Therefore, all irreducible representations L (\) of G, come from G*.

Let us write R for the reductive quotient of (Gx)req = (GJ)red- As any irreducible
representation of (G},)yeq is trivial on the unipotent radical we have the equality

(12.6) Irrgsy,., = Iirr -

Furthermore, note that the torus T, C (G7)req 1s also a subtorus of R. We now argue
that in order to prove (12.3) it suffices to show that:
(12.7) the torus 7}, is maximal in R and the root data of R
‘ with respect to T); and G with respect to T" are dual.
The above statement implies that dim(R) = dim(G), and, together with (12.4), this
gives
(12.8) dim G = dim Gg > dim(G})eq > dim R = dim G
Now (G)rea = R and so (G}),eq is reductive with its root datum dual to that of G.

To argue (12.7) we make the following construction. Let us write

n

Fr?,.
G _ G (GZ)(n)

(12.9) T T

Fr?.
(G)rea —2 (G

red
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for the n'* Frobenius twists. By [DG, corollary I11.3.6.4] we see that as a scheme with
the right multiplication action of (G})red, G = (GL/(GE)red) X (G)rea and that the co-
ordinate ring of G /(G%)eq is of the form K[G*/(G*)md} = k[ X1, X /(X XE)
for some powers p; = p® of p. Hence, for n > e;,

(12.10) the Frobenius map Fr" : G — (G%)™ factors through (G*)( ™)

red *

This implies, first of all, that

(12.11) the n'" Frobenius twists of irreducible representations
' of (G})req lift to irreducible representations of G, .

The irreducible representations of (G%),.q are parametrized by Weyl group orbits of
characters of a maximal torus S in (G),eq and this maximal torus S can be chosen to
contain T}. This immediately implies that 7}, must be a maximal torus of (G%),eq-.

We will now argue the second part of (12.7), i.e., that

(12.12) O(R,T) = ®(G,T) and (R, Ty)=®(G,T).

The argument here is a bit more involved than the argument in characteristic zero
in section 7, but the basic idea is the same: the pattern of the weights of irreducible
representations determines the root datum (at least almost!).

First of all, from the previous discussion we conclude that

(12.13) LEp"\) = LE@™\) for all A € X,(T).

As the irreducible representations of G, are parametrized by Weyl group orbits in
X (T), this implies immediately that the walls of the Weyl chambers of the root systems
of (G, T) and (R, T}) coincide in X,(T). Furthermore, from the patterns of the weights
of the representations in (12.13) we conclude that the simple root directions of R
coincide with the simple coroot directions of GG. Recall that in characteristic zero we
got the equality of simple roots of R and the simple coroots of GG, but we cannot
immediately conclude this fact here. Hence, we have to argue slightly differently.
The center of a reductive group R is the group scheme Hom(X*(7)/Z-®(R, Ty, Gy )-

On the other hand, the tensor category Pg,(9r,k) is graded by the abelian group
m0(Gr) = m(G) = Xo(T)/Z-®(G, T). This grading exhibits the group

(12.14) Hom(X,(T)/Z-®(G, T), G r)

as subgroup scheme of the center of G, and hence as an algebraic subgroup of the
center of R. Hence,

(12.15) Hom (X, (T)/Z-®(G,T), Gmyx) C Hom(X *(T,)/Z-®(R,Ty), Gm.k) -
Thus, we get a surjection

(12.16) X*(T.)/Z-®(R,T,) — X.(T)/Z-®(G,T).

This implies that

(12.17a) Z.®(R,T,) C Z-®(G,T)
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and then we get dually, using the fact (&, o) = 2 that
(12.17b) 7.9(G,T) C Z-®(R,T,).

If G if adjoint type, then Z-®(G,T) = X*(T) and hence Z-®(G,T) = Z-®(R, T},).
This, then, gives (12.12) and concludes the proof in case G is of adjoint type.
We assume next that G is semi-simple and write

(12.18) G — Gaq, where G,q is the adjoint quotient of G .

We have already shown that (Gaq)z = (Gad)z. Now P, (Srg, k) is a tensor subcategory
of PG40 (Grg, . k) and this gives us a surjective homomorphism

(12.19) (Gad)z — Gz,

This implies that all the fibers GIF‘,, are reductive. Thus, by the uniqueness of the

Chevalley group scheme, it suffices to show that Gz is of finite type. We know, by
theorem 7.2 of [PY] that Gz is of finite type outside of the prime 2. As Z[G7] is free
over Z, we can proceed as in (12.5) and section 5.1.4 of [PY] and exhibit Gz as an
inverse limit of group schemes G’Z such that

(12.20a) the group schemes C?IZ are of finite type over Z
(12.20b) outside of the prime 2 the group schemes G% and Gz coincide
(12.20¢) G, = G,

The properties above imply that G’% is the Chevalley scheme Gz. By uniqueness all
the GZZ coincide and hence G”Z = Gy. This concludes the proof in the semi-simple case.

Let us now consider the case of a general reductive G. Let us write S = Z(G)° for
the connected component of the center of G. Then we have an exact sequence

(12.21) 158 —>G— Gger — 1,
where Gge, is the derived group of G. This gives the following diagram of maps:

(1222) 91‘5’ % ng L) 9ercr’

which exhibits Grg as a trivial cover of Grg, = with fiber Grg. By taking pushfowards
of sheaves this gives us the following sequence of functors:

(12.23) Ps, (Grs,Z) = Pa, (Gra,Z) — PGderO (ngder’Z)7

wherew is clearly an embedding and w is essentially surjective because of the triviality
of the cover. This, in turn, gives the following exact sequence of group schemes:

(12.24) 1 — (Gaer)z — Gz — Sz — 1

The fact that we have exactness at both ends follows from the fact w is an embedding
and 7 is essentially surjective. To see the exactness in the middle, let us consider the
quotient G7/(Gger)z. The representations of this groups scheme are given by objects
in Pg, (Srq,Z) whose push-forward under 7 to Grg, . consists of direct sums of trivial

representations. But these constitute precisely Pg, (Srg,Z). Hence, Gy is smooth and
of finite type. This, finally, concludes the proof.
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13. Representations of reductive groups

The point of view we have taken in this paper so far is that of giving a canonical,
geometric construction of the dual group. In this section we turn things around and
view our work as giving a geometric interpretation of representation theory of split
reductive groups.

As before, k is commutative ring, noetherian and of finite global dimension. Recall
the content of our main theorem 12.1:

(13.1) Repg, s equivalent to Pg, (91,k) as tensor categories;

here Repg, stand for the category of k-representations of Gy, finitely generated over

k, and Gy stands for the canonical split group scheme associated to the root datum
dual to that of the complex group G. This way we get a geometric interpretation of
representation theory of Gy. The case when Char(k) = 0 was discussed in section 7.

Following our previous discussion we have T C By C ék, a maximal torus and a
Borel in Gy. Associated to a weight A € X, (T) there are two standard representations
of highest weight A. Let us describe these representations. We extend A to a character
on By so that it is trivial on the unipotent radical of By and then induce this character
to a representation of Gi. We call the resulting representation the Schur module and
denote it by S(A). As a module it is free over k. The other representation associated
to A is the Weyl module W(A) = S(—woA)*, where wy is the longest element in the
Weyl group. There is a canonical morphism W (A) — S(A) which is the identity on the
A-weight space. We have:

13.1. Proposition. Under the equivalence (13.1) the diagrams W(X) — S(\) and
J1(A) — T« (N) correspond to each other.

Proof. The modules S(\) and W () can also be characterized in the following manner.
Let us write Repéﬂl\ for the full subcategory of Rep, consisting of representations whose

Ti-weights are all < X\. Then the representations S()\) and W()) satisfy the following
universal properties:

(13.2a) for V e Repgi we have Homg, (V,S(A)) = Homg(Vy, k)
and
(13.2b) for V€ RepZ  we have Homg, (W(A),V) = Hom(k, Vi)

On the geometric side the category Repgu’z corresponds to the category Pg, (A k) =

Pg, (9, k). Obviously, the sheaves J,()\) and Jy(\) belong Pg, (A k) and satisfy the
universal properties (13.2), proving the proposition. O

As a corollary, proposition 3.10 gives:

13.2. Corollary. The v-weight spaces S(\), and W (), of S(A) and W (X), respectively,
can both be canonically identified with the k-vector space spanned by the irreducible
components of Gry N S,. In particular, the dimensions of these weight spaces are given
by the number of irreducible components of Gra NS, .
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Finally, let us assume that k is a field. Then we also have an irreducible representa-
tion L(\) associated to A. Under the correspondence (13.1) the irreducible representa-
tion L(A) corresponds to the irreducible sheaf Ji, (\, k).

14. Variants and the geometric Langlands program

As was stated before, in this paper we have worked with C-schemes because in this
case we have a good sheaf theory for sheaves with coefficients in any commutative ring,
in particular, the integers. It is also possible to work with other topologies. This is
important for certain applications, for example for the geometric Langlands program,
since our results can be viewed as providing the unramified local geometric Langlands
correspondence.

We will explain briefly the modifications necessary to work in the etale topology and
over an arbitrary algebraically closed base field K. To this end, let us view the group
G as a split reductive group over the integers. All the geometric constructions made in
this paper go through over the integers, in particular, our Grassmannian Gr is defined
over Z. We write Gry for the affine Grassmannian over the base field K. In a few
places in the paper we have argued using Z as coefficients, for instance, in section 12.
When we work in the etale topology, we simply replace Z by Z,, where ¢ # Char(K).

For completeness, we state here a version of our theorem for Grg:

14.1. Theorem. There is an equivalence of tensor categories
Py (i, k) = Rep(Gy).

where we can take k to be any ring for which the left hand side is defined and which
can be obtained by base change from Zyg, for example, k could be Qq, Z¢, Z/0"Z, Fy.

14.2. Remark. The previous theorem can be used in the geometric Langlands program
to define the notion of Hecke eigensheaves of automorphic sheaves with k-coefficients.

APPENDIX A. Categories of perverse sheaves

In this appendix we prove propositions 2.1 and 2.2, i.e., we will show that

A.1. Proposition. The categories P, waut(0)(971,k), Pa, (97, k), and Ps(Gr,k) are
naturally equivalent.

We first note that P, waut(0) (91, k) is a full subcategory of Pg,, (Gr, k) and Pg,, (9r, k)
is a full subcategory of Pg(Gr, k); this follows from the fact that stabilizers of points are
connected for the actions of Gy x Aut(O) and G on Gr. The reductive quotients of
Go x Aut(0), Go, and Aut(0) are G x G, G, and G,,, respectively. Hence, it suffices
to show that for any G g-invariant finite dimensional subvariety we have:

(A.1)  the categories Pgc(Z,k) and Pgg,,(Z,k) are equivalent to Pg(Z,k);

here Ps ¢(Z,k) and Pgg,,(Z, k) denote subcategories of Pg(Z,k) consisting of sheaves
which are G and G,- equivariant, respectively.
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We will proceed by induction in the following manner. Obviously, the statement
above holds if Z is a Go-orbit. Hence, by induction, it suffices to prove (A.1) for a
G o-invariant subset Z under the following hypotheses:

for some dominant A, the orbit Gr* is closed in Z

(A.2) \
and (A.1) holds for the open set U = Z — Gr".

To prove the above statement, we use the gluing construction of [MV], [V] for perverse
sheaves. Let us recall the construction. We write A and B be two abelian categories
and F1,G1 : A — B two functors, Fj right exact, Fy left exact, and T : F; — Fy
a natural transformation. We define a category C(F}, F»;T) as follows. The objects
of C(Fy, F»;T) consist of pairs of objects (A4, B) € Ob(A) x Ob(B) together with a
factorization Fj(A) = B % Fy(A) of T(A), i.e., nom = T(A). The morphisms of
C(F1, F5;T) are given by pairs of morphisms (f,g) € Mor(A) x Mor(B) which make
the appropriate prism commute. The category C(Fy, Fo;T) is abelian.

We use this formalism in various situations. To begin with, let us write j : U — Z
for the inclusion and set:

A = Ps(U, k)

B = Modk
(A.3) Fy = F\o?%j

Fy = F oty

T = F\Pj —Pj).
We have a functor
(A.4) E :Ps(Z,k) — C(Fy, Fp;T)

which sends F € Pg(Z,k) to A = 9’|U, B = F(7) and the factorization F;(A) ™ B %
F5(A) is the one gotten by applying F) to pjg(?‘U) —F - Pj, (?‘U). By Proposition
1.2 in [V] the functor F is an embedding. Two remarks are in order. First, in [V] we
work over a field, but this is not used in the proof. Secondly, the functor E is actually
an equivalence of categories.

Let us now bring in the group G. We write S for the stratification of G x Z by
subvarieties G x Gr*. We write a : G x Z — Z for the action map and p : Gx Z — Z for
the projection. Let F € Pg(Z,k). We have an isomorphism ¢ : p*F|G x U = o*F|G x U
such that ¢|{e} x U =id. We are now to extend the ¢ to G x Z. To this end we first
construct a functor F) : Ps(G x Z,k) — B, where B stands for the category of k-local

systems on G. Let us write Sy = G x Sy, denote by i : S\ < G x Z the inclusion,
and write 7 : G X Z — G for the projection. Then F\ = Rm:i*. Furthermore, we write
j:Gx U — G x G for the inclusion and set:
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A =Pg(G x U,k)

B = {k-local systems on G}
(A.5) Fy = Fyo?j

FQ = F,\ © pj*

T = F\("ji — "))
As before, we have a functor
(A.6) E:Pg(G x Z,k) — C(Fy, Fp; T)

which sends F € Ps(G x Z,k) to A = \";"‘G x U, B = 1*:',\(5'") and the factorization
Fi(A) ™ B I Fy(A) is the one gotten by applying F) to pi;(.‘"}"‘G x U) — F -
7’3*(5'" }G x U). By the same reasoning as above, the functor F is an equivalence of
categories.

We will now apply E to p*F and to a*F. For E(p*ff") we get the data of E(F)
at {e} x Z extended across G as the constant local system. For E(a*F) we also get
the extension data of E(F) at {e} x Z. Because, by theorem 3.6, the functors F), are
independent of the data T' C B used in defining them, we see that the extension data
for a*JF restricted to {g} x Z, for any g € G, is canonically identified with the extension
data of a*F at {e} x Z. This gives us an identification of E(a*F) with E(p*F) and
hence an isomorphism between a*F and p*F. This shows the first part of A.1.

The case of the group G,, is even a bit simpler. Here we use the fact that G,,-action
preserves the variety Sy and hence all the G,,-translates of the functor F are identical
to F).
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